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Abstract
This thesis is concerned with the construction of a complete specification of the shapes of the
visible surfaces of a scene, given a stereoscopic pair of images of that scene as input. This problem is
investigated within the framework of a computational theory. There are two parts to the problem.
A theory of human stereo vision was recently developed by Marr and Poggio (1979). Part I of
this thesis deals ith a computer implementation of that theory. The implementation served both as
a source of feedback for the theory itself, outlining problems and illuminating previously overlooked
difficulties, and as a method of testing the adequacy of the theory. By running the program on a series
of images from the human stercopsis literature and comparing the results with the perceptions of
stereo observers, it was shown that the program, as a reflection of the Marr-Poggio theory, adequately
accounted for a wide range of stereoscopic perception.
Part I1 deals with a computational theory of surface interpolation. One of the consequences
of the Marr-Poggio theory, and of most early visual processes, is that explicit surface information is
available only at a certain restricted set of positions in the image. In order to construct a complete
specification of the surface shapes, it is necessary to account for implicit information in the formation
of the images. A theory of this process was developed and implemented. In particular, a series
of results relating the shapes of surfaces and the initial representation of the images were proven.
From these results, a set of mathematical constraints on the interpolation problem were derived. An
algorithm for interpolating the surfaces was developed, using results from nonlinear programming,
and that algorithm was implemented in a computer program and tested on a range of images.
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INTRODUCTION
CHAPTER 1
INTRODUCTION
Although the world in which we exist is three-dimensional, the projection of light rays onto the
surface of the retina presents our visual system with an image of the world which is inherently two-
dimensional. Yet we must be able to navigate within this three-dimensional world, and in fact we
do so without difficulty. One of the requirements of visual processing is then to reconstruct a three-
dimensional representation of the world, from its two-dimensional projection onto our eyes.
There are several sources of information in the retinal images which can be used for this three-
dimensional reconstruction. For example, one can use shading information (Horn, 1970, 1975;
Ikeuchi, 1979), the motion of objects over time (Ullman, 1979a), surface contours (Stevens, 1979),
texture gradients (Stevens, 1979; Kender, 1978, 1979; Bajcsy and Leiberman, 1976; Ikeuchi, 1980),
focusing (Horn, 1968), or stereo vision (Marr and Poggio, 1979). All of these processes can be viewed
as transforming representations of the images into representations of the surface shapes.
Most of these processes, especially as performed by the human visual system, consist of two
stages. In the first stage, explicit surface information is computed at particular points in the image.
In the second stage, the surface is interpolated between these known points to obtain a complete
specification of it, shape. In the first part of this thesis, the particular method of stereo vision is
examined as a method for computing surface information at a sparse set of points in the image. In
the second part of the thesis, the general problem of surface interpolation is considered. This problem
is investigated independent of the particular process used to compute the initial surface information,
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and is valid for surface interpolation as applied to many visual processes, such as stereo, structure
from motion, and structure from surface contours.
The initial motivation for this study of visual processes arose from a desire to understand and
model the human visual system. As a result, as much as possible, our theory is designed to be consis-
tent with known evidence about that system, concerning its structure and its input-output behavior.
Aspects of the method by which the human visual system analyzes information can be characterized
as belonging to one of two categories:
(1) aspects relevant to the processing of visual information by any general visual processor, and
(2) aspects specific to the demands of implementation in a biological system (for example, the fact
that information must be carried by neurons which can, in general, interconnect to a number of
other neurons).
Although the human system forms the basis for our study, it is the first category which is of primary
interest to us. Certainly, if an accurate model of the human visual system can be formed, it will
provide a method for solving the visual problem in genera. situations. At the same time, insight may
be gained into the processing of the human visual system - a goal of considerable value and interest
in its own right. However the human system should serve as a tool for understanding the general
processing involved in computing surface descriptions, without digressing into details of a specific
neural model for such processing in the human system. Over the past few years, an approach to the
study of vision has emerged, which makes a clear distinction between aspects of visual processing
relevant to any visual processor, and those specific to the hardware in which the process has been
implemented. This is the computational approach of Marr (1976a, 1976b, 1980, also Marr and Poggio
1977a). It is this approach which will be examined in the next section, and which will be utilized in
this thesis.
1.1 The Computational Approach
The computational approach views the human visual system as performing computations over
internal symbolic representations of visual information. Marr (1978) and Marr and Nishihara (1978)
argue for at least three such representations in the course of visual processing:
(1) The Primal Sketch, in which properties of the intensity changes in the image are made explicit,
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(2) The 2 1-D Sketch, which describes properties of the visible surfaces for every point in the image,
and
(3) The 3D Model, which now makes explicit the three-dimensional shape of objects in the scene,
in object-centered coordinates.
An important property of these representations is that each makes explicit information which it is
possible to obtain from the previous description of the image, and which is useful for the construc-
tion of the next representation. That is, directly from an image, one can describe places where
intensity changes which will be useful for processes such as stereo and texture analysis for obtaining
descriptions of surfaces, and so on. Two criteria for judging our representation of surfaces obtained
through stereo vision will be: first, the computability of this description, and second, its suitability
for higher level processing (see Marr and Nishihara for application of these criteria for judging shape
representations).
Critical to the computational approach is the distinction between several levels of description of
a process. Since we are dealing with the manipulation of symbolic descriptions, we can distinguish
between the meaning of the symbols and the physical embodiment of those symbols. In other words,
one can study the computation performed by the system (almost) independent of the mechanisms
which actually perform the computation. In the computational approach, we study the visual system
at three different levels: the computational theory, the algorithm, and the underlying implementation
of the computation (Marr and Poggio, 1977a).
Important at the level of the computational theory are the physical constraints that restrict the
problem sufficiently to allow the process to do what it does. In general, the problems faced by
modules of early visual processing appear to be insoluble if one attempts to solve them from the
image alone. Ullman's (1979a) rigidity assumption in the interpretation of three-dimensional struc-
ture from motion, Marr and Hildreth's (1979) condition of linear variation and spatial coincidence
assumption in the analysis of intensity changes and Marr and Poggio's (1979) assumptions of unique-
ness and continuity are examples of such physical constraints restricting the problem at hand. The
critical step in the formulation of the computational theory is the enunciation of these additional
constraints on the process, that are imposed naturally as a consequence of the way the world is made,
and which constrain the result sufficiently to allow a unique solution to be found.
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Once the additional information has been isolated, one can incorporate it into the design of
a process. There are a number of ways in which the process may utilize a constraint. It may be
transformed into an assumption, which is taken always to be true, with or without verification (optical
illusions often illustrate situations in which these assumptions break down). An example of this is
the case of linear variation (Marr and Hildreth, 1979). The process might explicitly "look for" the
satisfaction of the constraint, and if it is consistent with visual input, then assume the constraint to be
true. An example of this is the case of rigidity (Ullman, 1979a). Alternatively, the constraint may be
explicitly embedded in the process, such as in the continuity and uniqueness assumptions in stereo
(Marr and Poggio, 1979).
I stated earlier that visual processing will be viewed as transforming visual information from
one representation to another. All the processes of early vision take as their input properties of the
image and produce as their output properties of surfaces - either relating to their geometry or their
reflectance. It will be seen that in the stereo process, it is important to determine what kind of repre-
sentation of the image will form the input to the process, by what means will the process transform
this information into a representation of surfaces, and what is the nature of this surface representation.
Although these questions can be addressed for visual processing in general, it is desirable to
have the theory be consistent with processing in the human system. Thus, psychophysical evidence
concerning the nature of these representations, and the processes by which they are transformed, will
be crucial for answering these questions.
A major assumption is being made at the level of the computational theory: that the human
visual system is an inherently modular system, allowing us, for example, to study the process of stereo
vision in isolation. At first glance, it is not at all clear how separate stereoscopic processing is from
the monocular analysis of each image. If stereo processing were an isolated module, then one could
study stereo independent of other visual processing, such as texture analysis, shading, and so on. One
method for testing whether a process can be studied in isolation is to present the visual system with
images in which, as far as possible, all kinds of information except one have been removed, and then
seeing whether we can make use of just that one. For stereo this can be demonstrated by the random-
dot stereogram, invented by Julesz (1960). Each of the images in Figure 1.1 is a collection of black and
white squares, which are identical except for the fact that a centrally located square-shaped region is
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Figure 1.1. Random Dot Stereogram. Each image is a collection of black and white dots. When
viewed stereoscopically, a central square is perceived as separated in depth from the rest of the
pattern, although each monocular image cnntains no cue to this effect.
shifted horizontally in one image relative to the other. Other than this disparity, the images contain no
information whatsoever about the visible surfaces. Yet, when the pair is viewed stereoscopically and
fused, one clearly and vividly perceives a square floating in space above the plane of the background.
This illustrates that disparity alone can cause the sensation of depth. The fact that neither image
contains any recognizable monocular organization implies, as well, that the stereo process may be
studied in relative isolation from other visual processes.
The idea that a large computation should be split up and implemented as a collection of small
sub-parts that are as nearly independent of one another as the overall task allows, is what Marr
(1976b, 1980) calls the principle of modular design and forms a cornerstone to the approach. Its impor-
tance lies in the fact that otherwise, a small change in one place in a process will have consequences
in many other places. This means that the process as a whole becomes extremely cumbersome, and
difficult to debug and analyze.
Having considered a computational theory of the processing involved in a visual task, one can
then turn to the design of a particular algorithm to achieve the task. One is ultimately interested in the
algorithm used by the human visual system. However, a second purpose for studying an algorithm is
that it serves as an excellent source of feedback for the computational theory. Any implementation of
a thonrv hv n narticular algorithm helps to point out otherwise unnoticed difficulties with the task, as
~_~
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well as helping to indicate the sufficiency of the theory. Furthermore, any assumptions made by the
theory can frequently be tested by an implementation of the theory. Chapter 4 of this thesis will detail
how this particular implementation of a theory of human stereo vision helped refine the theory both
through the act of implementation and through the use of the implementation on trial data.
Marr (1976b, 1980) outlines two principles which one can use to guide the design of algorithms,
and which probably ought to be satisfied by any serious candidate for an early visual process in the
human visual system. The first one is the principle of graceful degradation and says that whenever
possible, degrading the data will not prevent one from delivering at least some of the answer. The
second principle is the principle of least commitment and says that one should never do something that
may later have to be undone.
It is important to note that for any computational theory, there may be several possible algo-
rithms for solving it. In many cases, one can distinguish between the acceptability of different algo-
rithms. For models of the human visual system, we shall take a set of algorithmic criteria, outlined in
Chapter 7, as one set of criteria for algorithmic acceptability. That is, we shall seek algorithms which
seem biologically feasible, (Ullman, 1979b).
The third level of description is that of the implementation. We are ultimately interested in
understanding the neural implementation used by the human system. It would be nice to be able to
give general rules about processes at the level of the neural implementation; unfortunately, with only
a few theories developed to the point where specific neural implementations have been proposed (for
example, Marr 1969), and none having been confirmed experimentally in every detail, it is not yet
possible to formulate such rules.
1.2 Synopsis
The thesis is divided into two major parts, corresponding to the two stages involved in trans-
forming images into surface representations.
In the first part, a specific method for computing surface information at particular points in the
image is considered. In particular, an implementation of the Marr-Poggio theory of human stereo
vision (1979) is described.
In Chapter 2, we consider what is involved in the stereo computation. The essence of the stereo
problem is to select an element from one image, find the corresponding element from the other
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image, measure the disparity between them, and use this disparity to compute the distance from the
viewer to the element in the scene. The two basic questions are what are the elements to be matched,
and how are these elements matched. It has been argued that the image elements to be matched
must be in one-to-one correspondence with well-defined locations on a physical surface in the scene
(Marr, 1974; Marr and Poggio, 1979). The Marr-Hildreth theory of edge detection (1979) proposes
that such elements are obtained by filtering the image with a collection of different sized operators.
The form of these operators is V2G, the Laplacian of a Gaussian, and the zero-crossings of their
output correspond to those locations in an image which can be matched by the stereo process. This
determines the transformation of the image intensities into the input representation required by the
stereo process.
The second problem to solve is the question of how to match these elements. The Marr-Poggio
stereo theory (1979) applies two constraints - uniqueness and continuity - to the problem. These
constraints, together with evidence from psychophysics and neurophysiology, led to the development
of a specific algorithm which is discussed in Chapter 2.
At this point, we have dealt with the computational theory of the first two steps in our process.
One of the important steps in the design of a computational theory is the implementation of that
theory. In Chapter 3, the implementation of the Marr-Poggio theory of stereo vision is outlined. This
consists of explicitly specifying the implementation of each of the steps in the theory.
In Chapter 4, the implementation is used to test the adequacy of the theory. To do this, the
performance of the implementation is compared to human perception over a wide range of test cases
from the human stereopsis literature. The performance of the algorithm on natural images is also
illustrated.
The matching component of the Marr-Poggio theory is based in part on an analysis of the
statistical distribution of zero-crossings. The assumptions used by Marr and Poggio in performing this
analysis are not entirely valid, and a correct reworking of the statistical arguments is performed. These
statistics have been evaluated for actual images and are compared with the predictions made by the
analysis. This allows us to consider the relevance of the consequent assumptions made by the theory.
During the development of the stereo implementation, a number of observations were made
concerning aspects of the theory. These are outlined and their effect on refinements of the theory
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are discussed. Included are discussions on the type of representation used by the 21-D sketch, the
accuracy of the disparity values output by the stereo program, the symmetry of the matching function,
the use of oriented versus non-oriented filters, and others.
The second part of the thesis considers the problem of surface interpolation - of transforming
the sparse surface representation into a complete one. This problem is relevant to many visual
processes other than stereo, for example, structure from motion and structure from surface contours.
Hence, the problem is considered in the general case, independent of the method used to obtain the
input representation. The only assumption applied to the problem is that the points at which explicit
surface values are known correspond to the zero-crossings obtained from the convolved images.
In Chapter 5, the implicit information about surface shape contained in the zero-crossing
descriptions of the images is considered. Horn's image formation equation (1970, 1975) is developed
and used to prove a set of theorems relating the shape of a surface to the zero-crossings detected
by the Marr-Hildreth operators. The major point about these theorems is that they describe the
probability of a surface being inconsistent with what is known about the form of the image intensities,
specifically, about the positions of local changes in image intensity.
In Chapter 6, this set of theorems is used to develop a computational theory of surface inter-
polation. Since the information available about the image formation process is insufficient to exactly
reconstruct the original surface, the best that can be done is assign some measure of the probable
inconsistency of a surface to each possible surface. In this sense, one would like to compare surfaces,
in order to determine the least consistent one. The standard method of doing this is to assign some
real number to each surface, by applying a functional to the surface. Then, to compare two surfaces,
one need only compare the corresponding real numbers obtained by the functional. In this way, a
measure of the inconsistency of any particular surface can be obtained. Thus, to find the least consis-
tent surface, one need only derive a method for choosing the surface which minimizes this functional
which measures surface inconsistency.
There are two aspects to this problem. The first is to determine under what conditions the
problem is well-defined, in the sense of having a unique solution. A set of simple theorems is used to
determine the conditions on the finctional under which this will be true. The second is to determine
the actual form of the functional.
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Several possibilities for the form of this functional are considered, seeking one which satisfies
the conditions developed above. One candidate for choosing the least inconsistent surface is given by:
(f) ={ f + 2fy + f' dzdy}.
This functional satisfies all the conditions necessary to guarantee a unique solution, and satisfies the
conditions imposed by the theorems of Chapter 5.
This provides a computational theory of the second stage in our process, the creation of com-
plete surface specifications.
In Chapter 7, an algorithm for solving this computational problem, independent of the par-
ticular form of the functional, is developed. Although there are several possible algorithms for solving
the computational problem, the methods of nonlinear programming are used, because such methods
are more biologically feasible, (Ullman 1979b). In particular, the Kuhn-Tucker theorem relates the
solution of a constrained optimization problem to the saddle-point of an associated Lagrangian. To
find the saddle-point, the Arrow-Hurwicz system of difference equations can be applied. These results
are used to create an algorithm for interpolating the surfaces.
In Chapter 8, the implementation of the interpolation algorithm is considered. The biological
feasibility of the algorithm is discussed and the performance of the algorithm on both synthetic and
real depth maps is examined.
Finally, in Chapter 9, the interpolation algorithm is analyzed and possible refinements to the
theory are discussed. These include the detection of surface discontinuities, and the use of such
discontinuities to refine the surface approximation; the removal of noisy disparity values from the
depth map; the role of acuity in determining accurate depth values, and the effect of acuity on the
interpolated surfaces; and the role of retinal mappings in the stereo matching problem.
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CHAPTER 2
THE STEREO THEORY
2.1 What Is Stereo
If two objects are separated in depth from a viewer, then the relative positions of their images
will differ in the two eyes. This is illustrated in Figure 2.1. The process of stereo vision, in essence,
measures this difference in the relative positions and uses it to compute depth information about the
objects in the scene.
To avoid confusion, three terms relating to stereopsis are defined here. The term disparity will
refer to the angular difference in position of the image element in the two eyes. Distance will refer to
the objective physical distance from the viewer to the object, usually measured from one of the two
eyes. Finally, the term depth will refer to the subjective distance to the object as perceived by the
viewer.
It can be seen from Figure 2.1 that disparity varies as the relative depth positions of objects
varies. Suppose the eyes are fixating at a particular point, such as that indicated by the circle in the
figure. Disparities such as that associated with the crosses in the figure (denoted by d3 in the figure)
are usually referred to as crossed or convergent disparities. Those. like the one associated with the
ellipse (denoted by d, in the figure) are referred to as uncrossed or divergent disparities. Objects at the
same depth as the fixation point (such as with disparity d2 in the figure) are said to have zero disparity.
It can also be seen that as an object moves closer to the viewer than the distance to d2, the disparity
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Figure 2.1. Definition of Disparity. The disparity of a point refers to the angular difference in
position of the image element in the two eyes. Given a fixation point, such as the circle in the
figure, disparities may be crossed (d3). uncrossed (di), or zero (d2).
increases in magnitude.
This relationship between distance and disparity suggests that one could determine the distance
to objects in a scene, by measuring their disparity. The stereo system is concerned with exactly this
process.
How does one measure this disparity? Marr (1974) notes that there are three steps involved:
(1) A particular location on a surface in the scene is selected from one image;
(2) The same location is found in the other image; and
(3) The disparity between the two corresponding image points is measured.
The actual computation of distance, once the two image points are identified, involves a simple
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geometric transformation, and hence does not pose any major difficulties. If a location could be
identified beyond doubt in the two images, then steps (1) and (2) could be avoided and the whole
process would be simple. For instance, if a location in the scene could be illuminated with a spot
of light, the identification of the corresponding image locations would be simple. That is, by ap-
propriately choosing what locations in an image are to be matched, the actual matching or correspon-
dence can be greatly simplified. Unfortunately, we are not equipped with lasers in our foreheads, and
hence cannot perform depth computations based on the matching of spots of light So we need a more
passive method for sensing the environment.
Thus, the problem of the identification of corresponding image points cannot be avoided, and
this problem forms the heart of the stereo computation. There are two aspects to this problem: what
locations in the image are selected to be matched; and by what process are corresponding locations
from the two views actually matched.
A major problem for theories of stereo vision is the question of what elements are matched in
the two views. Are they intensities? objects? something else? The answer to this question will have a
strong influence on the second problem of how to match these elements. In fact, there is a trade-off
between the two aspects of the problem: between the complexity of the monocular analysis used to
extract the elements to be matched, and the complexity of the process which matches them.
At one end of the spectrum, the problem of finding the corresponding locations can be greatly
simplified, at the expense of determining which locations to match in the first place. If the number
of potentially matching elements is kept small in each view, the problem of finding corresponding
elements becomes simple. One method for accomplishing this is to perform object recognition before
stereo. Thus one would first process each monocular view, identifying the various objects contained
therein. Since in most scenes, the probability of having two or more "identical" objects is small, the
matching problem is simple. To determine the disparity, a particular object, say a desk, would be
located in one image, the same desk would be found in the other image, and the disparity would be
computed. The solution of the correspondence problem - which element in one view matches which
element in the other - is, however, performed here at the expense of identifying and locating objects
in a scene, a non-trivial task. Under such a scheme, the stereo process would be a later visual process,
following earlier processes which would analyze each monocular image. Of course, we have already
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seen that this is not the case for the human stereo system. The example of Julesz random-dot patterns
showed that the process occurs very early in the visual process and is relatively independent of other
forms of visual processing.
At the other end of the spectrum, the correspondence problem is more difficult, while the
problem of determining which elements to match is simplified. For example, if the human stereo
process is an early one, then much more primitive matching elements could be used; for example,
local descriptors of sudden changes in image intensities. If the tokens to be matched arise at a very
early stage in the analysis of an image, then the density of such objects in the images is significant.
In this case, the number of potentially matching elements will increase. Furthermore, the difference
between the possible tokens to be matched is very small. Thus, for any single descriptor of the left
image, there is likely to be a large number of possible matching descriptors in the right image. All
but one of these will be incorrect, and thus the correspondence problem is non-trivial, although the
identification of elements to be matched is fairly simple.
This introduces the major problem of stereopsis. The task of identifying corresponding locations
in the two images is a difficult one because of what is called the false targets problem. An example of
it is shown in Figure 2.2 (after Marr and Poggio, 1979). The question is, to which dot viewed from
the left eye do dots viewed from the right eye correspond? Each eye sees four dots, but which are the
correct matches? A priori, any of the 16 possible matches is a plausible candidate, but in fact when
we observe such a stereo pair, we make the correspondence shown with the filled circles, and not any
of the correspondences shown with open circles. These alternate candidates are therefore called false
targets.
This is somewhat surprising, since there seems to be little reason to distinguish one match as
more favorable than another on the basis of the elements being matched. Moreover, as Marr observes,
there is another solution to this particular correspondence problem which seems just as "valid". This
is the four central vertical matches, in which R1 is paired with L4, R2 with L3, R3 with L2, and R4
with L1. But we never "see" this match perceptually, as a set of circles in a line receding from us.
Why?
To answer this question, additional information is needed to help to decide which matchings are
correct, by constraining them in some manner. The only way to do this is to examine the basis in the
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Figure 2.2. False targets problem. Of the 16 possible matches indicated by the circles, only
those indicated by the filled circles are actually perceived.
physical world for making a correspondence between two images. Marr and Poggio (1979) (also Marr
1974) describe two physical constraints which are relevant to the stereo process:
(1) A given point on a physical surface has a unique position in space at any one time.
(2) Matter is cohesive, it is separated into objects, and the surfaces of objects are generally such that
the changes in the surface are very small compared with their distance from the viewer.
Let us briefly return to the example of Figure 2.2. Since, in principle, any one of the 16 possible
candidates could be a match, there are 21 or 65, 536 possible matches for this situation. The first
constraint essentially states that in general, excluding accidental alignment of objects, there should
not be more than one match along any line of sight from either eye. The number of such matches
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is greatly reduced; from 6.5, 536 to 24. The second constraint essentially states that, barring other
information, the most likely of these 24 matches is the one actually chosen in Figure 2.2. This is
because this match corresponds to the "smoothest" object (relative to the other 23 matches).
The major point about the observations of Marr and Poggio is that they are properties of physi-
cal surfaces, and they constrain the way in which positions on the surface behave. If they are to be
used to deal with the correspondence between two images, we must ensure that the items to which
they apply are in one-to-one correspondence with well-defined locations on a physical surface. We
shall turn to this point in the next section.
Thus, the computational problem for the stereo process may be summarized as follows. First, for
each view of the scene, construct a description of the elements that are to be matched. We have seen
that for the human system, the descriptors must be extracted at an early stage of visual processing.
As a consequence, each description may contain a large number of identical elements, which makes
the correspondence problem, and the removal of false targets, a significant problem. The second
step consists of solving this correspondence problem, determining which descriptor from one view
matches which descriptor from the other view.
2.2 The Marr-Hildreth Theory of Edge Detection
We have argued from the evidence of random dot patterns that the extraction of a description of
the scene, from which the matching may take place, must be, at least in part, an early visual process,
occurring prior to object recognition. That is, while the evidence of random dot stereograms does not
imply that only early analysis is done, it does imply that stereo vision must be capable of operating
on primitive descriptions. The creation of a description of surface locations suitable for matching
between the images is somewhat difficult. As we have seen, if a surface location could be chosen in
some absolute way - such as shining a narrow beam of light onto it - the problem would be simple.
However, we are not able to do this. Thus the problem of identifying surface locations from their
image projections must be addressed. The difficulty is precisely that assertions about surface locations
must be made based solely on information in the image. '
It will not be possible to unambiguously identify surface locations from the images themselves at
all points in the images. A smooth featureless surface will-be of no avail to this process, because the
image intensities will be indistinguishable over this surface. Any surface containing scratches, texture
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or other markings will, however, give rise to locally sharp changes in reflectance which can be used
to define surface points. Since only certain features of a surface will be well defined in the images,
it is claimed (Marr 1974, Marr and Poggio 1979) that the computation of disparity takes place by
comparing symbolic descriptions of those features in the two images.
The solution to the first problem, selecting a surface location, will be solved by creating a sym-
bolic description of those features of the surface which give rise to identifiable physical locations. The
design of a module to match the symbolic descriptions, by determining which descriptors correspond
to the same physical location, will solve the correspondence problem.
It has been remarked that the features of an object of likely interest to the matcher which
solves the correspondence problem are associated with locally sharp changes in reflectance, and hence
with locally sharp changes in the image intensities. It can be argued (Marr, 1976b) that such a
early symbolic description of intensity changes in an image is useful for other early visual processes
besides stereopsis. This description has been called the Primal Sketch (Marr, 1976b) and was used,
for example, in the solution of the motion correspondence problem (Ullman 1979). Recently, (Marr
and Hildreth, 1979) a theory of the process of extracting these low-level primal sketch descriptions
has been developed. This theory has developed in part due to findings concerning the human visual
system, and in part due to the development of the stereo theory dealt with in this thesis. The relevant
points of the Marr-Hildreth theory of edge detection are outlined below.
It would be pleasant if one could design a single filter to extract all the features of interest from
a scene. Unfortunately, such intensity changes take place over a wide range of scales (Marr, 1976b).
For example, if we look at individual picture elements (pixels), we find intensity changing from pixel
to pixel. However, such changes are occuring at too small a scale to be of interest to us. Most edges
in the real world are sharp edges, and the associated intensity function will be composed of a few
steep changes over a small number of pixels. At the same time, other edges, such as shading edges,
are spatially extended, and the intensity function will increase slowly over a large number of pixels.
Moreover, these different types of intensity changes are not distinct in the image; one can have high
contrast edges superimposed on a spatially extended shadinn edge.
As a consequence of this wide range of intensity changes, one cannot hope to find a filter
which will be simultaneously optimal at all scales. The findings of Campbell and Robson (1968),
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concerning the existence of separate spatial-frequency channels in the human visual system, suggest
that one should seek a method of dealing separately with the changes occurring at different scales. As
a consequence, Marr and Hildreth suggest that one first take some local average of intensity at several
resolutions, and then detect the changes in intensity that occur at each resolution. They determine
both the optimal smoothing filter and a method for detecting intensity changes at a given scale.
The optimal smoothing filter must satisfy two physical constraints. First, the filter is intended
to reduce the range of scales over which intensity changes take place. This suggests that the filter's
spectrum should be band-limited. Second, the aspects of an object which give rise to intensity changes
are all spatially localized. This suggests that the filter should perform an average over a small localized
portion of the image. These two requirements are in conflict and are related by a type of uncertainty
principle. It has long been known that under these circumstances, the optimal filter for minimizing
band-width in space and frequency is the Gaussian, (see for example Leipnik, 1960). Thus, the image
I is initially convolved with a two dimensional Gaussian operator G. For each channel, the size of the
operator G will vary. This essentially smoothes the image.
Having determined a suitable smoothing filter, Marr and Hildreth then addressed the issue of
detecting intensity changes at a particular scale. Any intensity change along a particular orientation
will cause an extremum in the first directional derivative, and a zero-crossing in the second directional
derivative, perpendicular to the orientation of the change (Marr 1976, Marr and Poggio 1979). Thus,
the task of detecting intensity changes becomes equivalent to that of detecting the zero-crossings of
the second derivative of intensity in the appropriate direction. That is, intensity changes in G * I are
characterized by the zero-crossings in the second directional derivative D2 (G * I). This operator is
roughly band pass, and so it only examines a portion of the image's spectrum. By the derivative rule
of convolutions, the above operator becomes (D2G) * I.
The final thing left to do is to determine the direction in which the directional derivative must
be taken. Although this is possible (Marr and Hildreth 1979), it may not be necessary. In fact, a
number of practical considerations led Marr and Hildreth to argue that the initial operators not be
directional in nature. If this is the case, then the operator to be used is the Laplacian, since it is the
only non-directional linear second derivative operator. It was then shown (Appendix A, Marr and
Hildreth 1979) that provided two simple conditions on the intensity function in the neighbourhood of
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an edge are satisfied, the zero-crossings of the second directional derivative taken perpendicular to an
edge will coincide with the zero-crossings of the Laplacian along that edge. As a consequence, Marr
and Hildreth propose that at each given scale, intensity changes may be detected by searching for the
zero-crossings in the convolution V2G * I. This will give us precisely the symbolic descriptions of
changes in the image that we required. Note that I use the term zero-crossing to refer to a non-trivial
zero point in the convolved image. Thus, those positions such that the value of convolved image at
this point is zero and its gradient is non-zero are taken as the primitive descriptions of the image.
In this manner, the convolution values actually pass through zero, rather than simply remaining at
zero. This distinguishes between an actual edge in the scene, and the zero response obtained by the
operator over a region of uniform intensity.
It is interesting to note that although the use of these operators was motivated by computational
and practical arguments, the use of non-oriented filters was arrived at independently on psychophysi-
cal grounds by Mayhew and Frisby (1978).
The form of the operator is given by:
r2 - 2a2 r 2V2G(r,0) = 2a2 exp --r2
This is a rotationally symmetric function, and its cross-section is shown in Figure 2.3. Note that its
central panel width, denoted by w, and defined as the width of the central negative region, is given by
w2-d = 2V2/a.
If the visual input to the operator is a one-dimensional grating, then the response of the operator
is equivalent to that obtained by applying the equivalent one-dimensional operator to the one-
dimensional input. This equivalent one-dimensional operator is obtained by projecting V2G onto a
line, and is given by
DxxG = -I 2 a exp .22C3 202
The central panel width of this operator is
w-d -= 2a.
It is illustrated in Figure 2.3.
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Figure 2.3. The Primal Sketch Operator. The top figure shows the one-dimensional operator. This
operator applies in the case of images whose intensity values are constant along each vertical slice
of the image. The bottom figure shows a cross-section of' the equivalent. rotationally-symmetric.
two-dimensional operator. The sizes of the operators are determined by the values of wil- and
2-d.
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At this point, it is interesting to note the evidence of Wilson and Giese (1977), and Wilson and
Bergen (1979), concerning the existence and characteristics of such operators in the human visual
system. They have found strong evidence that at each point in the visual field, there exists at least four
and possibly five independent channels in the human early visual system. (This is consistent with the
earlier evidence of Campbell and Robson 1968, and other investigators.) The point of interest in this
context is that the form of the channels, as analyzed by Wilson and collaborators, very closely fits the
shape of a difference of two Gaussians. Further, a difference of Gaussians is a close approximation
to a Laplacian applied to a Gaussian (Appendix B, Marr and Hildreth, 1979). Thus, the operator
for detecting features of a visual scene which was developed on basic information processing grounds
is seen to be closely related to the operator which appears to be used by the human visual system.
Wilson and collaborators also observe that the peak sensitivity wavelength of these channels increases
linearly with retinal eccentricity, from some initial value in the fovea.
Given the form of the operators, it only remains to determine the size of these filters. Wilson
and Bergen's data indicated difference of Gaussian filters whose sizes - specified by the width w
of the filter's central region - range from 3.1' to 21' of visual arc. The variable w is related to the
constant a of V 2G by the relation:
a =--
Wilson and Bergen's values were obtained by using oriented line stimuli. To obtain the diameter
of the corresponding circularly symmetric center-surround receptive field, the values of w must be
multiplied by V21. Finally, we want the resolution of the initial images to roughly represent the
resolution of processing by the cones of the retina, and the size of the filters to represent the size of the
retinal operators. In the most densely packed region of the human fovea, the center-to-center spacing
of the cones is 2.0 to 2.3pum, corresponding to an angular spacing of 25 to 29 arc seconds (O'Brien,
1951). Accounting for the conversion of Wilson and Bergen's data, and using the figure of 27 arc
seconds for the separation of the cones in the fovea, one arrives at values of w in the range 9 to 63
image elements, and hence, values of a in the range 3 to 23 image elements.
Although Wilson and collaborators have found definite evidence only for four different sized
channels, it has recently been proposed (Marr, Poggio and Hildreth, 1979) that a further, smaller
channel may be present. In the human system, this channel would consist of a single retinal receptor,
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although because of the diffraction in the eye, the actual size of the equivalent operator would be
larger. In the implementation, since diffraction is not a factor, this channel would have a central width
of w = 1.5', roughly corresponding to 4 image elements.
Two other features of zero-crossings can be computed, and will be of use in the stereo matching
problem. One is the sign, or contrast, of the zero-crossing. This is computed simply by noting whether
the convolution values change from positive to negative or negative to positive while scanning across
the zero-crossing. The second feature is the local orientation of a set of zero-crossings on the image
plane. This is found by computing the gradient of the convolution values across the zero-crossing and
taking the orientation of the projection of the gradient onto the image as the orientation of the zero-
crossing.
Thus, the problem of what is to be matched in determining disparity in a scene has been solved.
Specifically, the image will be filtered with operators whose form is a Laplacian of a Gaussian and the
convolution values will be searched for zero-crossings. This will give rise to a series of zero-crossing
contours, and it is this symbolic description of changes in an image which will be matched to obtain
disparity information.
Some examples of the use of these operators on images are shown in Figures 2.4 and 2.5.
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Figure 2.4. Examples of Convolutions. A natural image is indicated at the top. Below are
examples of the convolved image, after application of different sized V 2G operators, with
central panel widths of 36, 18, 9 and 4 picture elements. The original image was 480 picture
elements on a side.
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Figure 2.5. Examples of Convolutions. A random dot pattern is indicated at the top. Below
are examples of the convolved image, after application of different sized V2G operators, with
central panel widths of 36, 18, 9 and 4 picture elements. The original image was 320 picture
elements on a side.
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THE MARR-POGGIO THEORY OF STEREOPSIS
2.3 The Marr-Poggio Theory of Stereopsis
2.3.1 Outline of the Marr-Poggio Theory
We saw earlier that there were two major aspects to the stereo process: the extraction from the
images of symbolic elements to be matched; and the actual process of matching those elements.
In the previous section, we determined the basic descriptors to be matched by the stereo process
and how to create them from the image. We now turn to the solution of the correspondence problem.
Marr and Poggio (1979) have developed a theory of human stereopsis which directly addresses this
problem. In this section, the theory is outlined outline and some of the evidence in support of it is
indicated.
Put succinctly, the problem is how to determine which of the descriptors in the left image
corresponds to a particular descriptor in the right image and vice versa.
The two constraints outlined previously are physical constraints, applying to locations on a sur-
face. When they are translated into computational constraints, it is necessary to ensure that the items
to which they apply in the image are in one-to-one correspondence with well-defined locations on a
physical surface. In the previous section, we have seen how to obtain descriptions of the images which
satisfy this condition.
The stereo problem is then reduced to that of matching two primitive symbolic descriptions.
The two physical constraints can now be translated into two rules on how the left and right descrip-
tions are combined (Marr and Poggio, 1979):
(1) Uniqueness. Except in rare cases, each item from either image may be assigned at most one
disparity value. This condition relies on the assumption that an item corresponds to something
that has a unique physical position. The exceptions can occur when two features lie along the
line of sight from one eye, but are separately visible in the other eye.
(2) Continuity. Disparity varies smoothly almost everywhere. This condition is a consequence of
the cohesiveness of matter, and it states that only a small fraction of the area of an image is
composed of boundaries that are discontinuous in depth.
We must now consider how actually to apply these rules. As has been stated, the major problem
for stereo vision is the solution of the correspondence problem, which requires the elimination of false
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targets. Marr and Poggio note that the difficulty of this problem is directly proportional to the range
and resolution of disparities considered, and to the density of matchable features in an image. In other
words, the greater the range over which a match is sought, the greater the number of false targets. At
the same time, the finer the resolution at which features are detected, the greater the number of false
targets. Thus, one way to avoid the false targets problem is to make the "features" of the image rare.
This could be done this by making them very complex or specific, so that even if the total density of
features were very high in an image, the density of individual types of features would be very small.
However, we have already seen from the evidence of Julesz random-dot stereograms, that this is very
unlikely to be a feature of the human system. The other way of making "features" rare is to reduce
drastically the density of all features in the image, by decreasing the spatial resolution at which it is
examined.
In light of this observation, the existence of independent spatial-frequency-tuned channels,
which we discussed in the previous section, suggests that successively finer filtered copies of the image
can be used during fusion.
What does this imply computationally? Consider the symbolic descriptions generated by the
largest of the channels described in the previous section. Since this channel is tuned to very low spatial
frequencies, this means that the density of "features" in the symbolic description is low. As a conse-
quence, the range over which a match may be sought without encountering too many false targets is
large. However, this is at the price of reduced resolution of the disparities associated with each match.
For a smaller channel, there is a trade-off of these two effects. In particular, the density of false targets
will increase, causing the range over which one can safely search for a match to decrease. However,
although disparity range is lost, disparity resolution is gained. Thus, for the smallest channel, very
high resolution disparity information would be obtained, but the range over which one could safely
search for this information will be severely curtailed.
Thus, Marr and Poggio suggest a scheme for solving the fusion problem which has as a first
stage, the following operation:
(1) Each image is analyzed through channels of various coarsencsses, and matching takes place be-
tween corresponding channels from the two eyes, for disparity values of the order of the channel
resolution.
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To take advantage of this range of trade-off over the set of channels, some method of combining
the information from the different channels is needed. In the end, one would like to be able to obtain
fine resolution disparity information. But since the range over which the smallest channel can safely
operate is small, it would seem that one must accurately align the two images in order to allow the
matching to take place for the smallest channel. Fortunately, the information needed to align the
images is available. In particular, the coarse resolution disparity information obtained by matching
the larger channel descriptions can be used to align the two images. This will bring the images into
a range of alignment where the smaller channels can safely operate, thereby allowing a refinement
of the disparity values. In the human visual system, this alignment of the images is accomplished
by changing the positions of the eyes, through the use of vergence movements. Note that since the
human system performs a global vergence of the two eyes, only the region of the fovea will be likely
to be brought into alignment in this manner. In order to obtain fine disparity values throughout the
image, each region must be separately brought into the fovea and matched.
Thus, Marr and Poggio suggest that as a second step in the process, the following operation is
performed:
(2) Coarse channels control eye vergence movements, thus causing finer channels to come into
correspondence.
The disparity information obtained from stereo will be needed by other processes of the visual
system. For example, Marr and Nishihara (1978) have argued on computational grounds that the
visual system requires an "orientation/depth map" of the visible surfaces of a scene. This is necessary
since descriptions of the shapes of objects must be derived via a description of their visible surfaces,
and information about these is obtained from a number of different and independent sources. This
representation of depth, called the 21-D sketch, is essentially a memory, into which information from
various sources is combined and maintained. Thus, the next stage in the Marr-Poggio scheme is:
(3) When a correspondence is achieved, it is held and written down somewhere.
Finally, once the correspondence for a section of.the image has been found, one would like
to be able to reuse that information. That is, once the disparity for a region of the image has been
computed, one would like to be able to use that information again to fuse that region, without the
expense of recomputing the correspondence. Thus, Marr and Poggio suggest as a final stage:
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(4) There is a backwards relation between the memory and the filters, that allows one to fuse any
piece of a surface easily once its depth map has been established in the memory.
The scheme proposed by Marr and Poggio can be split into two sections, corresponding to the
two major steps to be solved in the stereo problem: the extraction of a symbolic description of the
images which forms the input to the stereo process; and the determination of the correspondence
between these descriptions.
We have indicated that the extraction of a symbolic description may be accomplished by the
method of Marr and Hildreth (1979). Note that the Marr-Poggio theory requires the extraction not
only of zero-crossings, labelled by contrast and rough orientation, but also of terminations - places
of sharp changes in the orientation of zero-crossing contours - also labelled by contrast. Having
determined the symbolic descriptions which must be matched, we now turn to the development of the
matcher.
2.3.2 The Matcher
The heart uf the matching problem concerns the difficulty of false targets. We have noted
that computational simplicity can be preserved only if false targets are rare. The use of several inde-
pendent spatial-frequency-tuned channels provides a way of accomplishing this, over a large range of
disparity. In other words, by performing the matching for different resolutions, and using the results
of the larger channels to drive the alignment of the smaller channels, fine disparity information can be
achieved over a wide range of disparity while avoiding the problem of false targets.
In general terms, the matching process consists of matching symbols of the same type, for each
set of filters of a given size. The type of a zero-crossing is determined by its sign and orientation. We
have already seen how to compute these attributes. The sign of the zero-crossing is important as a
matching attribute, as can be seen from the experiments of Julesz (1963) concerning the impossibility
of fusing of a pattern and its negative image.
In designing the matching process, one would like to be able to ensure that false targets are rare,
in order to avoid problems associated with choosing between several possible matches. To do this,
Marr and Poggio performed a statistical analysis of the zero-crossings to determine the probability
distribution of the interval between adjacent zero-crossings of the same sign in the filtered image.
Based on this probability distribution, one can design a matching process which will in essence avoid
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the false target problem.
According to this analysis, inherently valid only for oriented filters, if one wishes to avoid false
targets altogether, the disparity range over which a match is sought must be restricted to ! •, where
w is the width of the central region of the filter. Suppose that a zero-crossing L in the left image
matches some zero-crossing R in the right image. The probability distribution derived by Marr and
Poggio states that the probability of another zero-crossing of the same sign within ' image elements
of R is less than 0.05. This means that if the disparity between the two images for this region of the
image is less than Y, a matcher which searches for possible matches in the range ± - will find only
the correct match with probability 0.95, and we will almost always get the correct match.
To enlarge the range of disparity accepted, the following modification is possible. Suppose the
size of the search region is expanded to 4-w. Then, if the disparity between the two images is less
than ijw, Marr and Poggio show that 50% of all matches will be correct and unambiguous. The
remainder will be ambiguous, mostly with two alternatives, one convergent (in the range (0, w)) and
one divergent (in the range (-w, 0)), one of which is always correct. For these ambiguous cases,
the correct alternative can still be found. Consider the sign of the disparity of the neighbouring
unambiguous matches. (By the sign of the disparity, I mean the sign of the direction of the matching
zero-crossing: crossed or convergent, uncrossed or divergent, and zero.) One may choose one of the
ambiguous alternatives by simply selecting that which has the same sign as the dominant sign of the
neighbouring unambiguous matches. Note that this implicitly uses the constraint of continuity.
Finally, the above cases deal with the situation in which the disparity of the elements is less than
|we. If the disparity exceeds the operating range, one wants to ensure that the algorithm is capable
of detecting this fact. Marr and Poggio show that given that the images are outside the acceptable
disparity range |wl, the probability of a random match is about 0.7. Thus the probability of a zero-
crossing having no candidate match is 0.3 if the images are outside the acceptable disparity range, and
0.0 if the images are within the acceptable disparity range. This can easily be detected and used to
remove random matches. In this way one can ensure not only that correct disparities are computed
where available, but also that incorrect disparities are avoided.
Thus, on basic computational grounds, a method for matching the symbolic descriptions of
the images has been developed. Marr and Poggio (1979) also show strong psychophysical and
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neurophysiological grounds for this particular form of matcher. For details, the reader is referred to
their paper.
2.4 Summary
We have shown that the stereo process consists of two major problems, the extraction of a
description of the elements of an image corresponding to physically identifiable locations in the scene,
and the determination of the corresponding descriptors from each processed image. The problem
of extracting matchable descriptions of the images is solved by the Marr-Hildreth theory of edge
detection. This consists of convolving each image with a set of filters of the form V2G, where V is
the Laplacian and G is a Gaussian. For each size mask, the zero-crossings of the convolved image are
localized, and form the descriptions of the image to be matched.
For each mask size, the Marr-Poggio theory of stereo vision states that matching takes place
between zero-crossing segments of the same sign and roughly the same orientation in the two images,
for a range of disparities up to about the width of the mask's central region. Within this disparity
range, false targets pose only a simple problem, because of the roughly bandpass nature of the filters,
and the matching can proceed successfully.
Note that a major consequence of this approach is that not every point in an image will receive
an explicit match. I shall return to this consequence in the latter half of the thesis.
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CHAPTER 3
THE STEREO IMPLEMENTATION
An important aspect in the development of any computational theory is the design and im-
plementation of an explicit algorithm for that theory. There are several benefits from such an im-
plementation. One concerns the act of implementation itself, which forces one to make all details
of the theory explicit. This often uncovers previously overlooked difficulties which guide further
refinement of the theory.
A second benefit concerns the performance of the implementation. Any proposed model of
a system must be testable. In this case, by testing on pairs of stereo images, one can examine the
performance of the implementation, and hence of the theory itself, provided, of course, that the
implementation is an accurate representation of that theory. In this manner, the performance of the
implementation can be compared with human performance. If the algorithm differs strongly from
known human performance, its suitability as a biological model is quickly brought into question (c.f.
the analysis in Marr and Poggio, 1979 of the cooperative algorithm of Marr and Poggio, 1977b).
This chapter describes an implementation of the Marr-Poggio stereo theory, written with par-
ticular emphasis on the matching process (Grimson, 1980). Later chapters will discuss the effect of the
implementation on refining the theory, and the analysis of the performance of the implementation on
several test cases.
The implementation is divided into five modules, roughly corresponding to the five steps of the
Marr-Poggio theory. These modules are in Figure 3.1, and each is described in turn.
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Figure 3.1. Diagram of the Implementation. From the initial arrays of the scene, a retinal
pair of images are extracted. These subimages reflect the current eye positions relative to
the scene. Each retinal image is convolved with a set of different sized filters of the form
V2G, and the zero-crossings of the output are located. For each filter size, the zero-crossing
descriptions are matched, based on the sign and orientation of each zero-crossing point. The
disparity arrays created for each filter are combined into a single disparity description, and
information from the larger filters can be used to verge the eyes, thereby bring the smaller
filters into a range of operation.
Convolve Zero- Match
Crossing
Combine
Channels
Scene Retina /Image Disparity 2M-D
Descriptions Arrays Sketch
INPUT
3.1 Input
There are two aspects of the human stereo system, embedded in the theory, which must be made
explicit in the input to the algorithm. The first is the position of the eyes with respect to the scene, as
eye movements will be critical for obtaining fine disparity information. The second is the change in
resolution of analysis of the image with increasing eccentricity, (this was indicated by the Wilson and
Bergen data).
To account for these effects, the algorithm maintains as its initial input a stereo pair of arrays,
representing the entire scene visible to the viewer. This pair of arrays corresponds to the environ-
ment around the visual system, rather than some integral part of the system itself. To create this
representation of the scene, photographs of natural images were digitized on an Optronix Photoscan
System P1000. The sizes of these images are indicated in the legends. Grey-level resolution is 8 bits,
providing 256 intensity levels. For the random dot patterns illustrated in this thesis, the images were
constructed by computer, rather than digitized from photographs.
For a given position of the eyes relative to the scene, a representation of the images on the two
retinas is extracted. The program creates this retinal representation by obtaining a second, smaller
pair of images from the arrays representing the whole scene. The mapping from the scene arrays
into the retinal images accounts for one of the factors inherent in the way the human visual system is
constructed. Different sections of the scenes will be mapped to the center (fovea) of the retinal images
as the positions of the eyes are varied. In this way, different sections of the scenes can separately
be matched to a very fine level of disparity, by allowing the smallest channels to come into range
of correspondence. Since the matching process will take place on the array representing the retinal
images, it is important that the coordinate systems of those arrays coincide with the current positions
of the eyes. Note that the portion of the scene image which is mapped into the retinal image may
differ for the two eyes, depending on the relative positions of the two optical axes. In particular, there
may be differences in vertical alignment as well as in horizontal alignment. There is a second factor
which should also be taken into account. Wilson and Bergen (1979), and Wilson and Giese (1977)
state that the resolution of the earlier stages of the algorithm - the convolution and zero-crossings -
scales linearly with eccentricity. However, this aspect has not been implemented and in our situation
is not critical, since the images analyzed correspond to small visual angles, on the order of 40 on a side.
CONVOLUTION
After the completion of this stage, the program has created a representation of the images that
has accounted for eye position and if appropriate also for retinal scaling with eccentricity. For each
pass of the algorithm, the matching will take place on the representation of the retinal images, thereby
implicitly assuming some particular eye positions. Once the matching has been completed, the dis-
parity values obtained may be used to change the positions of the two optic axes, thus causing a new
pair of retinal images to be extracted from the representations of the scene, and the matching process
may proceed again.
3.2 Convolution
Given the retinal representations of the images, it is necessary to transform them into a repre-
sentation upon which the matcher may operate. We have already seen arguments in the previous
chapter concerning the form and size of the filters required to perform this transformation. The
present implementation uses four filters, each of which has the form of V2G, the Laplacian of a
Gaussian, with w values of 4, 9, 17 and 35 image elements. These values are derived from the data
of Wilson and Bcrgen (1979). The coefficients of the filters were represented to a precision of 1 part
in 2048. Coefficients of less than ~2048'th of the maximum value of the filter were set to zero. Thus,
the truncation radius of the filter (the point at which all further filter values were treated as zero) was
approximately 1.8w, or equivalently, 5.080.
The actual convolutions were performed on a LISP machine constructed at the MIT Artificial
Intelligence Laboratory, using additional hardware specially designed for the purpose (Knight, et al.
1979). Figures 2.4 and 2.5 illustrated some images and their convolutions with various sized filters.
After the completion of this stage of the algorithm, one has four filtered copies of each of the
images, each copy having been convolved with a different size filter.
3.3 Detection and Description of Zero-Crossings
The elements that are matched between images are (i) zero-crossings whose orientations are not
horizontal, and (ii) terminations. The exact definition and hence the detection of terminations is at
present uncertain. Moreover, terminations are much rarer than zero-crossings. As a consequence, only
zero-crossings are used as input to the matcher.
Since, for the purpose of obtaining disparity information, horizontally oriented segments may
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be ignored, the detection of zero-crossings can be accomplished by scanning the convolved image
horizontally for adjacent elements of opposite sign, or for three horizontally adjacent elements, the
middle one of which is zero, the other two containing convolution values of opposite sign. This gives
the position of zero-crossings to within an image element. Note that there is no theoretical limit on the
accuracy with which the zero-crossings may be localized. For the purposes of matching, however, a
resolution of one pixel suffices.
In addition to their location, the sign of the zero-crossings and a rough estimate of the local,
two-dimensional orientation of pieces of the zero-crossing contour are recorded. In the present im-
plementation, the orientation at a point on a zero-crossing segment is computed as the direction of
the gradient of the convolution values across that segment, and recorded in increments of 30 degrees.
Figures 3.2 and 3.3 illustrate zero-crossings obtained in this way from the convolutions of Figures 2.4
and 2.5. Positive zero-crossings are shown white, and negative crossings, black.
This zero-crossing description is computed for each image and for each size of filter.
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Figure 3.2. Examples of Zero-Crossings. A natural image is shown at the top. Below are
examples of the zero-crossings, obtained from different sized V 2G operators, with central
panel widths of 36, 18, 9 and 4 picture elements. The positive zero-crossings are shown as
white, the negative ones as black.
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Figure 3.3. Examples of Zero-Crossings. A random dot pattern is shown at the top. Below
are examples of the zero-crossings, obtained from different sized V 2G operators, with central
panel widths of 36, 18, 9 and 4 picture elements. The positive zero-crossings are shown as
white, the negative ones as black.
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MATCHING
3.4 Matching
The matcher implements the second of the matching algorithms described by Marr and Poggio
(1979, p.3 15), and outlined in Chapter 2. For each size of filter, matching consists of 6 steps:
(1) Fix the eye positions.
(2) Locate a zero-crossing in one image.
(3) Divide the region about the corresponding point in the second image into three pools.
(4) Assign a match to the zero-crossing based on the potential matches within the pools.
(5) Disambiguate any ambiguous matches.
(6) Assign the disparity values to a buffer.
These steps may be repeated several times during the fusion of an image. Given positions for the eyes,
these matching steps are performed, with the results stored in a buffer. These results may be used to
refine the eye positions, causing a new set of retinal images to be extracted from the scene, and the
matching steps are performed again.
The first step consists of fixing the two eye positions. The alignment between the two zero-
crossing descriptions, corresponding to the positions of the eyes, is determined in two ways. The
initial offsets of the descriptions are arbitrarily set to zero. Thereafter, the offsets of the two eyes are
determined by accessing the current disparity values for a region and using these values to adjust the
vergence of the eyes. In my implementation, this is done by modifying the extraction of the retinal
images from the images of the entire scene, as explained earlier.
Once the eye positions have been fixed, and the retinal images extracted, the zero-crossing
descriptions are obtained as is Figures 3.2 and 3.3. For a zero-crossing description obtained from a
particular filter size, the matching is performed by locating a zero-crossing and performing the follow-
ing operation. Given the location of a zero-crossing in one image, a region about the same location in
the other image is partitioned into three pools. These pools form the region to be searched for a pos-
sible matching zero-crossing and consist of two larger convergent and divergent regions, and a smaller
one lying centrally between them. Together these pools span a disparity range equal to 2wld- where
WId_ is the width of the central excitatory region of the corresponding one-dimensional convolution
filter.
MATCHING
The following criteria are used for matching zero-crossings in the left and right filtered images,
for each pool:
(1) The zero-crossings must come from convolutions with the same size filter.
(2) The zero-crossings must have the same sign.
(3) The zero-crossing segments must have roughly the same orientation.
A match is assigned on the basis of the responses of the pools. If exactly one zero-crossing of
the appropriate sign and orientation (within 30 degrees) is found within a pool, the location of that
crossing is transmitted to the matcher. If two candidate zero-crossings are found within one pool (an
unlikely event), the matcher is notified and no attempt is made to assign a match for the point in
question. If the matcher finds a single crossing in only one of the three pools, that match is accepted,
and the disparity associated with the match is recorded in a buffer. If two or three of the pools contain
a candidate match, the algorithm records that information for future disambiguation.
Once all possible unambiguous matches have been identified, an attempt is made to disam-
biguate double or triple matches. This is done by scaniAng a neighbourhood about the point in
question, recording the sign of the disparity of the unambiguous matches within that neighbourhood.
(The sign of the disparity refers to the sign of the pool from which the match comes: divergent, con-
vergent or zero.) If the ambiguous point has a potential match of the same sign as the dominant type
within the neighbourhood, then that is chosen as the match (this is the "pulling" effect). Otherwise,
the match at that point is left ambiguous.
There is the possibility that the region under consideration does not lie within the ±w disparity
range examined by the matcher. This situation is detected and handled by the following operation.
Consider the case in which the region does lie within the disparity range -- w. Excluding the case of
occluded points, every zero-crossing in the region will have at least one candidate match (the correct
one) in the other filtered image. On the other hand, if the region lies beyond the disparity range ±w,
then the probability of a given zero-crossing having at least one candidate match will be less than 1. In
fact, the probability of a zero-crossing having at least one candidate match in this case is roughly 0.7.
Hence, the following operation can be performed. For a given eye position, the matching algorithm
is run for all the zero-crossings. Any crossing for which there is no match is marked as such. If the
percentage of matched points in any region is less than a threshold of 0.7 then the region is declared
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Figure 3.4. Example of a Disparity Map. The top pair of images is a stereo pair of a natural
scene. In the bottom two images, two views of the disparity map are shown. A point (x, y) withdisparity d is represented in a three-dimensional array as the point (X, y,d). This array is then
viewed from two different angles, the left image corresponding to viewing the array from the lower
edge of the original image, the right image corresponding to viewing the array from the left edge
of the original image. For graphical convenience, the disparity values have been inverted.
to be out of range, and no disparity values are accepted for that region.
The size of the regions used for checking the statistics of matching zero-crossings should be
proportional to the density of the zero-crossings, in order to ensure a fixed confidence level. Typically,
the regions were roughly 25 picture elements on a side, f6r a channel with filter size w = 9.
The overall effect of the matching process, as driven from the left image, is to assign disparity
values to most of the zero-crossings obtained from the left image. An example of the output appears
in Figures 3.4 and 3.5. In this array, a zero-crossing at position (X, y) with associated disparity d has
VERGENCE CONTROL
Figure 3.5. Example of a Disparity Map. The top pair of images is a stereo pair of a random
dot stereogram. The bottom image shows a view of the disparity array. For graphical convenience,
the disparity values have been inverted.
been piacea in a three-dimensional array with coordinate (x, y, d). For display purposes, the array is
shown in the figures as viewed from a point some distance away. The heights in the figure correspond
to the assigned disparities. (For graphical convenience, the disparities have been inverted.)
After completion of this stage of the processing, a disparity array for each filter size has been
obtained. The disparity values are located only along the zero-crossing contours obtained from that
filter.
3.5 Vergence Control
The Marr-Poggio theory states that in order to obtain fine resolution disparity information, it is
necessary that the zero-crossings from the smallest channels be assigned a match. Since the range of
disparity over which a channel can obtain a match is directly proportional to the size of the channel,
this means that the eyes must move to ensure that the corresponding zero-crossing descriptions from
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the two imnages are within a matchable range. The disparity information required to bring the smallest
channels into their matchable range is provided by the larger channels. That is, if a region of the
image is declared to be out of range of fusion by the smaller channels, one can frequently obtain a
rough disparity value for that region from the larger channels, and use this to verge the eyes. In this
way, the smaller channels can be brought into a range of correspondence.
Thus, after the disparities from the different channels are combined, there is a mechanism for
controlling vergence movements of the eyes. This operates by searching for regions of the image
which have disparity values from the larger channels, but do not have disparity values for the smallest
channel. The values from the large channel are used to provide a refinement to the current eye posi-
tions, thereby bringing the smaller channels into range of correspondence. Possible mechanisms for
extracting the disparity value from a region of the image include using the peak value of a histogram
of the disparities in that neighbourhood, using the average of the local disparity values, or using the
median of the local disparity values. In the current implementation, the search for such a region
proceeds outwards from the fovea.
It should be noted here that although Marr and Poggio state that disparity information from
the coarser channels can drive eye movements, they do not rule out that other information can also
do this. There may be other modules of the visual system that can initiate eye movements. Kidd
et al (1979) for example, found that certain types of texture boundaries can initiate eye movements.
However, such effects are somewhat orthogonal to the question of die adequacy of the matching
component of the Marr-Poggio theory, since they affect thdie input to thdie matcher, but not the actual
performance of the matching algorithm itself.
3.6 The 21-Dimensional Sketch
Once the separate channels have performed their matching, the results are combined and stored
in a buffer, called thdie 2-D sketch. There are several possible methods for accomplishing this. As far
as the Marr-Poggio theory is concerned, the important point is that some type of storage of disparity
information occurs, that there is some kind of buffer. Perhaps die strongest argument for this is the
fact that up to 2 degrees of disparity can be held fused in the fovea, although dithe matching range for a
single fixation of the eyes is only 30 minutes of arc.
I have considered two different possibilities for the way in which information from the different
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channels is combined. The method used in the current implementation will be described below. A
more biologically feasible method will be outlined in the discussion.
One of the critical questions concerning the form of the 2}-D sketch is whether its coordinates
are consistent with those of the scene or those of the retinal images. For all the cases illustrated,
the sketch was constructed by directly relating the coordinates of the sketch to the coordinates of
the scene arrays. That is, as disparity information was obtained, it was stored in a buffer at the
position corresponding to the position in the original scene from which the underlying zero-crossing
came. Since disparity information about the scene is extracted from several eye positions, explicit
information about the positions of the eyes is required in order to store this information into a buffer.
This is probably inappropriate as a model of the human system, but it suffices for demonstrating the
effectiveness of the matching module.
The actual mechanism for storing the disparity values requires some combination of the dis-
parity maps obtained for each of the channels. Currently, the sketch is updated, for each region of the
image, by writing in the disparity values from the smallest channel which is within range of fusion.
Vergence movements are possible in order to bring smaller channels into a range of matching for
some region. Further, for those regions of the image for which none of the channels can find matches,
modification of the eye positions over a scale larger than that of the vergence movements is possible.
By this method, one can attempt to bring those regions of the image into a range of fusion. There
are several possibilities for the actual method of driving the vergence movements. Two of these were
outlined in the previous section.
The final output of the algorithm consists of a representation of disparity values in the image,
specified along zero-crossings segments from the smallest channel that was used to analyze that part of
the scene.
3.7 Summary of the Process
The complete algorithm, as currently implemented, uses four filter sizes. Initially, the two views
of the scene are mopped into a pair of working arrays. These arrays are convolved with each filter. The
zero-crossings and their orientation are computed, for each channel. The initial alignments of the eyes
determine the initial registration of the images. The matching of thdie descriptions from each channel
is performed for this alignment. Any points with either ambiguous matchings or with no match are
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marked as such.
Next, the percentage of unmatched points is checked, for all square neighbourhoods of a par-
ticular size. This size is chosen so as to ensure that the measurement of the statistics of matching
within that neighbourhood is statistically sound. Only the disparity points of those regions whose
percentage of unmatched points is below a certain threshold, are allowed to remain. All other points
are removed. These values are stored in a buffer. At this stage, vergence movements may take place,
using information from the larger channels to bring the smaller channels into a range where matching
is possible. Further, if there are regions of the image which do not have disparity values for any
channel, an eye movement may take place in an attempt to bring those portions of the image into a
range where at least the largest filter can perform its matching.
Note that the matching process takes place independently for each of the four channels. Once
the matching of each channel is complete, the results are combined into a single representation of the
disparities.
The final output is thus a disparity map, with disparities assigned along most portions of the
zero-crossing contours obtained from the smallest filters used. The accuracy of the disparities thus
obtained depends on how accurately the zero-crossings have been localized, which may, of course, be
to a resolution much finer than the initial array of intensity values that constitutes the image.

ANALYSIS AND DEVELOPMENT
CHAPTER 4
ANALYSIS AND DEVELOPMENT
In the previous chapter, I described an explicit algorithm derived from the Marr-Poggio theory,
and its implementation in a computer program. Since Marr and Poggio's explicit concern was to
develop a theory of the human stereo system, the impleme · tation can be used to test the adequacy of
their theory. This was done by comparing the results of running the program with the preception of
human subjects on a range of carefully chosen stereoscopic images.
Besides helping to examine the adequacy of the theory, the performance of the algorithm can
also bring out aspects of the visual processing system which had not previously been noticed. In
particular, it can uncover difficulties with the theory, or bring out its advantages. Thus, the program
itself plays an essential role in the overall task of deciding whether, and how closely, the algorithm it
implements mirors the human analysis of stereoscopic images.
4.1 Performance on Random Dot Patterns
Since random dot stercograms (Julesz 1960, 1971) contain no visual cues other than the stereo-
scopic ones, they are a useful tool for studying the stereo component of the human visual system in
isolation. One test of the adequacy of the algorithm as representative of human stereo vision is to
compare human perception and the performance of the algorithm on such patterns. Since random dot
stereograms have known disparity values, these patterns can also be used to assess the correctness of
the algorithm's performance.
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PERFORMANCE ON RANDOM DOT PATTERNS
Table 1 lists some of the matching statistics for various random dot patterns. These are il-
lustrated in the figures and discussed below.
TABLE OF MATCHES
Pattern Density Total Exact One Pixel Wrong %Wrong
Square 50% 11847 11830 14 3 .03
Square 25% 9661 9632 22 7 .07
Square 10% 5286 5264 20 2 .04
Square 5% 3500 3498 0 2 .06
Wedding 50% 11162 11095 61 6 .06
Noise-w4 50% 2270 1909 346 15 .7
Noise-w9 50% 8683 6621 1868 194 2.
Noise-w4-1 50% 63 28 24 11 17.
Noise-w9-1 50% 8543 5194 2864 485 6.
90%Corr 50% 9545 9091 263 191 2.
80%Corr 50% 4343 4120 143 80 2.
70%Corr 50% 134 127 2 5 4.
Diag Corr 50% 6753 6325 271 157 2.
Table 1.
The first pattern consisted of a central
statistics of matching are labelled by the 50%
of 50% and its analysis was shown in Figure
square separated in depth from a second plane. The
Square row in Table 1 . The pattern had a dot density
3.4. Each dot was a square four image elements on a
side. For the algorithm, this corresponds to a dot of approximately two minutes of visual arc. The
total pattern was 320 image elements on a side. The central plane of the figure was shifted 12 image
elements in one image relative to the other. The final disparity map assigned after the matching
of the smallest channel had the following statistics. The number of zero-crossing points in the left
description which were assigned a disparity was 11847. Of these 11847, 11830 were disparity values
which were exactly correct, and an additional 14 deviated by one image element from the correct
value. Approximately 0.03% of the matched points, or roughly 3 points in 10000 were incorrectly
matched.
A similar test was run on patterns with a dot density of 25%, 10% and 5%. These are shown in
Table 1 in the rows labelled 25% Square, 10% Square and 5% Square. The results are illustrated in
Figures 4.1 and 4.2. For each of these cases, the number of incorrectly matched points was extremely
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Figure 4.1. 25% Density Random Dot Pattern. The top pair of images are a stereo pair of
random dot patterns. The bottom image is a view of the disparity array. A point (x, y) with
disparity d has been represented as the point (s, y, d). For graphical clarity, the disparities have
been inverted. This three-dimensional array is viewed from some distance away in order to illustrate
the disparities.
low, their error rates lying around 0.05%. Those points which were assigned incorrect disparities all
occurred at the border between the two planes, that is, along the discontinuity in disparity. This was
also true for the 50% density case.
Figure 4.3 shows a more complex random dot pattern, consisting of a wedding cake, built from
four different planar layers, each separated by 8 image elements, or 2 dot widths. The matching
statistics are shonw in 'FTable 1 in the row labelled Wedding. In this case, the number of zero-crossing
points assigned a disparity was 11162. Of these points, 11095 were assigned a disparity value which
was exactly correct, and an additional 61 deviated from the correct value by one image element.
Approximately 0.06% of the points were incorrectly matched. Again, these incorrect points all oc-
cured at the boundaries between the planes. A second complex pattern is illustrated in Figure 4.4. The
object is a spiral staircase with a range of continuously varying disparities.
~__ I
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Figure 4.2. 5% Density Random Dot Pattern. The top pair of images form a stereo pair. The
bottom image is a view of the disparity array.
There are a number of special cases of random dot patterns which have been used to test various
aspects of the human visual system. The algorithm was also tested on several of these stereograms.
They are outlined below and a comparison is given between the performances of the algorithm and of
humans with good stereo vision.
It is known that if one or both of the images of a random dot stereogram are blurred, fusion
of the stereogram is still possible (Julesz 1971, p.96). To test the algorithm in this case, the left half
of a 50% density pattern was blurred by convolution with a Gaussian filter. TIhis is illustrated in
Figure 4.5. The disparity values obtained in this case were not as exact as in the case of no blurring.
Rather, there was a distribution of disparities about the known correct values. As a result, the percent-
age of points that might be considered incorrect (more than one image element deviation from the
correct value) rose to 6%. The qualitative performance of the algorithm was still correct, however,
representing two planes separated in depth. It is interesting to note that slight distribution of disparity
values about those corresponding to the original planes is consistent with the human perception of a
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Figure 4.3. Wedding Cake Pattern. The object consists of four layered planes, in the form of a
wedding cake.
pair of slightly warped planes. For larger filters, there was little difference between the performance of
the algorithm on this stereogram and its performance on stereograms which have not been blurred.
Julesz and Miller (1975) showed that fusion is also possible in the presence of some types of
masking noise. In particular, if the spectrum of the noise is sufficiently far from the spectrum of the
pattern, fusion of the pattern is still possible. Within the framework of the Marr-Poggio theory, this
is equivalent to stating that if one introduces noise of such a spectrum as to interfere with one of
the stereo channels, fusion is still possible among the other channels, provided that the noise does
not have a substantial spectral component overlapping other channels as well. This was tested on
the algorithm by high pass filtering a second random dot pattern, to create the noise, and adding the
noise to one image. In the cases illustrated in the Figures 4.6 and 4.7, the spectrum of the noise was
designed to interfere maximally with the smallest channel. In the case of the patterns labelled in table
1 by Noise-w4 and Noise-w9, the noise was added such that the maximum magnitude of the noise was
equal to the maximum magnitude of the original image. Noise-w4 illustrates the performance of the
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Figure 4.4. Spiral Staircase Pattern. The object is a spiral staircase, with a range of continuously
varying disparity.
smallest channel. Noise-w9 illustrates the performance of the next larger channel. It can be seen that
for this case, some fusion is still possible in the smallest channel, although it is patchy. The next larger
channel also obtains fusion. In both cases, the accuracy of the disparity values is reduced from the
normal case. This is to be expected, since the introduction of noise tends to displace the positions of
the zero-crossings. In the cases labelled in table 1 by Noise-w4-1 and Noise-w9-1, the noise was added
such that the maximum magnitude was twice that of the maximum magnitude of the original image.
Here, matching in the smallest channel is almost completely eliminated (Noise-w4-1). Yet matching in
the next larger channel is only marginally affected (Noise-w9-1).
The implementation was also tested on the case of adding low pass filtered noise to a random
dot pattern, with results similar to that of adding high pass filtered noise. Here, the larger channels are
unable to obtain a good matching, while the smaller channels are relatively unaffected.
If one of the images of a random dot pattern is compressed in the horizontal direction, the
mom":
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Figure 4.5. Blurred Stereogram. One of the images of a 50% random dot pattern has been
altered by convolution with a Gaussian. Fusion is still obtained, although the disparity values are
not as sharp as in the original case.
human stereo system is still able to achieve fusion (Julesz 1971, p.213). The algorithm was tested
on this case, and the results are shown in Figure 4.8. It can be seen that the program still obtains a
reasonably good match. The planes are now slightly slanted, which agrees with human perception.
If some of the dots of a pattern are decorrelated, it is still possible for a human observer to
achieve some kind of fusion (Julesz 1971, p.88). Two different types of decorrelation were tested. In
the first type, increasing percentages of the dots were decorrelated in the left image at random. In
particular, the cases of 10%, 20% and 30% were tried, and are illustrated in Figures 4.9 and 4.10.
For the 10% case, (table entry 90% Corr) it can be seen that the algorithm was still able to obtain
a good matching of the two planes, although the total number of zero-crossings assigned a disparity
decreased, and the percentage of incorrectly matched points increased. When the percentage of decor-
related dots was increased to 20% (table entry 80% Corr), the number of matched points decreased
again, although the percentage of those incorrectly matched remained about the same. Finally, when
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Figure 4.6. Stereogram with Filtered Noise. High pass filtered noise has been added to one of
the images. Virtually no disparity values are obtained for the smallest channel. The disparity map
in the figure is that of the next largest channel.
the percentage of decorrelated dots was increased to 30% (table entry 70% Corr), the algorithm
found virtually no section of the image which could be fused.
The failure of the algorithm to match the 30% decorrelated pattern is caused by the component
of the algorithm which checks that each region of the image is within range of correspondence. Recall
that in order to distinguish between the case of two images beyond range of fusion (for the current
eye positions) which will have only randomly matching zero-crossings, and the case of two images
within range of fusion, the theory requires that the percentage of unmatched points be less than
approximately 0.3. For the case of the pattern with 30% decorrelation, each region of the image
will, on the average, have roughly 30% of its zero-crossings with no match and the algorithm will
decide that the region is out of matching range. Thus, the algorithm cannot distinguish a correctly
matched region of a degraded pattern from the matches that would be made between two random
patterns. Hence, no disparities will be accepted for the region. It is interesting to note that many
· _
"~`'*~*~E~4iS~,'i~TF~~,t '· ..
I: ·· ·rt
" ~·;ri
PERFORMANCE ON RANDOM DOT PATTERNS
Figure 4.7. Stereogram with Filtered Noise. The top disparity map represents the w = 9 channel.
The lower disparity map represents the w = 4 channel.
human subjects can achieve some kind of fusion up to about 20% decorrelation, the fusion becoming
weaker as the decorrelation increases, being eliminated for patterns with 30% decorrelation.
Fascinatingly, one can also decorrelate the pattern by breaking up all white triplets along one set
of diagonals, and all black triplets along the other set of diagonals (Julesz 1971, p.87). The table entry
Diag Corr indicates the matching statistics for this case. Again, it can be seen that the program still ob-
tains a good match, as do human observers. The performance of the algorithm is illustrated in Figure
4.11. This is a particularly fascinating example, since at first glance it would appear extremely unlikely
that the two patterns could be fused. Yet the program is quite consistent with human perception on
this case, obtaining a good matching of the two images.
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NATURAL IMAGES
Figure 4.8. Compressed Stereogram. One of the images has been compressed in the horizontal
direction. Fusion is still obtained, although now the planes appear to be slightly slanted.
4.2 Natural Images
The algorithm was also tested on some natural images. In such cases, an exact evaluation of the
performance of the algorithm is difficult. A qualitative comparison is however possible, and the results
of the algorithm may be seen in the Figures 4.12 and 4.13.
NATURAL IMAGES
i.
Figure 4.9. Decorrelated Stereogram. In one of the images, 10% of the dots have been
decorrelated at random. Fusion is still obtained.
NATURAL IMAGES
Figure 4.10. Decorrelated Stereogram. In one of the images, 20% of the dots have been
decorrelated at random. Fusion is still obtained, although in this case, there are many regions of
the image where no disparity values are assigned.
__
NATURAL IMAGES
Figure 4.11. Diagonally Decorrelated Stereogram. One of the images has been decorrelated in
the following manner. Along all the diagonals in one direction, any white triples have been broken
by the insertion of a black dot. Along the diagonals in the other direction, any black triples have
been broken by the insertion of a white dot. Fusion is still obtained.
NATURAL IMAGES
Figure 4.12. A Natural Stereogram. The stereo images are of a scene of a basketball game. The
disparity map is represented in such a manner that the width of the black bars, terminated by a
white dot, correspond to the disparity of the point. It can be seen that the disparity values are
all qualitatively correct, with the arm of the foremost player emerging from the background of
the basket and the wall. The images were 480 pixels on a side.
NATURAL IMAGES
Figure 4.13. A Natural Stereogram. The images are of a sculpture by Henry Moore. The
disparity array is represented as in Figure 4.12. It can be seen that the disparity values obtained
by the program roughly correspond to the shape of the surface. The images were 320 pixels on
a side.
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Table 2.
4.3 Statistics
The theory of the Marr-Poggio matcher is based on an assumption concerning the distribution
of intervals between zero-crossings. This leads to assumptions concerning the worst possible occur-
rences of false targets. The empirical occurrence of false targets has been measured in random dot
patterns and the worst occurrences of false targets are indicated in Table 2. The theoretical worst case
bounds used by Marr and Poggio appear for comparison.
From the table, it can be seen that the assumptions of the Marr-Poggio are not very reliable,
compared with the empirical statistics found for random dot patterns. This is in part due to the fact
that the analysis performed by Marr and Poggio was based on their assumption of oriented filters. The
current implementation uses non-oriented filters to obtain the zero-crossings and uses orientation as
a matching criterion after the descriptions have been obtained. It then becomes of interest to check
whether a proper accounting of the use of non-oriented filters will make statistical predictions more
consistent with the empirically observed statistics.
TABLE OF STATISTICS
parameter worst case without with
behavior, orientation, orientation,
expected empirical empirical
average distance
between zero-crossings 2w 1.85w 6.56w
of same sign
probability of
candidates in at > .50 .38 .81
most one pool
probability of
candidates in < .45 .60 .19
two pools
probability of
candidates in all < .05 .02 .001
three pools
given a candidate
near zero,
probability of no > .9 .75 .93
other candidates
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For the case of non-oriented filters, the derivation is very similar to that used by Marr and
Poggio (1979). Assume that f(x, y) = V2G * I(z, y) is a white Gaussian process, where I(z, y) is the
image intensity. The problem is to find the distribution of intervals between alternate zero-crossings,
taken along a horizontal slice of the image.
Assume that there is a zero-crossing at the origin, and let Pt(r), P2(r) be the probability den-
sities of the distances to the first and second zero-crossings. Pt and P2 are approximated by the fol-
lowing formulae (Rice 1945, section 3.4; Longuet-Higgins 1962, equations 1.2.1 and 1.2.3; Leadbetter
1969).
2Pr -=b"(o)H0)- + H() 1( )
1 0(0) M23(r)P2 (r) 2 -01(0) M (i-) (,i2(0) - ?p2(r) )[ - H(r) cot 1 -H(r))21 -P 0"(0) H(I)
where 0(r) is the autocorrelation of the filter V 2G, a prime denotes differentiation with respect to r,
and
H )= M23(7)
v'M22 r) -- l23
M 2:i(r) = -O "(0r)Q2(0) - 027(r)) + 1(r)/2(r)2
It is now necessary to compute the autocorrelation 0(7r). The filter is given by
r2 -2C2 2V'G(r) = exP- _2a
The two-dimensional Fourier transform of this filter is given by
F(w) = -2ra2 w2 exp-
Since the interest is in the distribution of zero-crossing intervals along a horizontal slice of the
image, it is necessary to obtain the portion of the spectnim corresponding to that slice. This is done
by projecting the two-dimensional spectrum onto a line of similar orientation through the origin
(Mersereau and Oppenhcimn, 1974). This compression of the spectrum yields
Fl(u) = -(27r)ca(1 +a2u2) xp
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Figure 4.14. Probability Distribution of First Zero-Crossing. This is a graph of the probability
of reaching a zero-crossing within a certain distance, given a zero-crossing at the origin.
The power spectrum is the given by
F (u) = (27r)3( + 2a 2u 2 + au4 exp- u2I2 e2
Taking the inverse transform of the power spectrum yields the autocorrelation function
(r) ~2 + -- 5 4 exp-
a a3 4 a5
The formulae of Rice may then be applied to this autocorrelation function, and the probability
distributions obtained in this way are shown in Figures 4.14 and 4.15.
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Figure 4.15. Probability Distribution of Second Zero-Crossing. This is a graph of the probability
of reaching a second zero-crossing within a certain distance, given a zero-crossing at the origin.
In this case, the expected worst case behavior of multiple zero-crossings within a particular
range of matching is somewhat different. In particular, the predicted density of zero-crossings is some-
what higher than in the Marr-Poggio case. At first sight, this would seem to suggest that the situation
is worse than that given by the Marr-Poggio analysis. The use of orientation as a matching criterion,
however, has yet to be included. To do this, some estimate of the distribution of orientation of zero-
crossings is needed. The matching algorithm segments the orientation distribution into blocks of 30
degrees. The simplest estimate is given by assuming that the orientations are uniformly distributed,
5o"
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in which case, the probabilities given by the statistical analysis should be adjusted by a factor of k.
However, there is no real justification for assuming that the orientations will be uniformly distributed.
In fact, the distribution tends to be more strongly weighted towards vertical orientations. Hence,
rather than adjusting by a factor of ), a more pessimistic and factor of J will be used.
TABLE OF STATISTICS
parameter without without with with
orientation, orientation, orientation, orientation,
expected empirical expected empirical
average distance
between zero-crossings 5.29a 5.24a 15.87o 18.56a
of same sign
probability of
candidates in at > .35 .38 > .78 .81
most one pool
probability of
candidates in < .64 .60 < .21 .19
two pools
probability of
candidates in all < .01 .02 < .01 .001
three pools
given a candidate
near zero,
probability of no > .81 .75 > .94 .93
other candidates
Table 3.
A table comparing predicted and empirical statistics of the distribution of similar zero-crossings
is shown in Table 3. A number of interesting comparisons can be made from this. First, consider the
case in which orientation is not used as a matching criterion. The number of multiple targets predicted
by the formula of Rice agrees well with the empirical statistics found in practice. For example, if the
range of matching neighbourhood is taken as ±2.0440, Rice's formula predicts a worst case prob-
ability of 0.36 double targets. The empirical statistics in this case are 0.33. If the range is extended to
-2.36a, Rice's formula predicts a worst case probability of 0.49 and the empirical statistics are 0.44.
For a range of ±2.840, the prediction probability is 0.65 and the cmpiricial statistic is 0.62.
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Second, the use of orientation as a matching criteria can greatly improve the problem of false
targets. For example, let Wzl-d be the central panel width of the one-dimensional projection of the
V2G operator. This is related to the central panel width w2-d of the two-dimensional operator by
)2-= d  1 y/' Wl-d
and these are related to the space constant a of the operator by
w"-d = 2v/'a.
If the matching range has the value ±-wI--d, then using orientation to within 30 degrees as a match-
ing criterion reduces the percentage of false targets to 0.091. Even for a matching range of ±w2_d,
the percentage of false targets rises only to 0.20.
This raises an interesting possibility concerning the range of the matching neighbourhood. In
the original theory, Marr and Poggio (1979) considered the possiblity of avoiding the false targets
problem almost entirely by reducing the probability of its occurence, while maintaining a range of
matching consistent with estimates of the size of Panum's area. According to their analysis, however,
if the matching range is so restricted as to reduce the probability of false targets to less than 0.05,
the range is too small by a factor of 2. If the range of matching is adjusted to account for the size
of Panum's area, then the probability of false targets rises to 0.50 and it is necessary to introduce a
disambiguation mechanism to resolve the false targets problem.
Given the statistical analysis derived above, one can propose a matching mechanism in which
the zero-crossings are obtained from non-oriented filters and the orientation of the zero-crossing is
used as a criterion for matching. In this case, matching over a range consistent with Panum's area
will result in very few false targets (on the order of 0.10), and there is no need to introduce a
disambiguation mechanism.
4.4 Discussion
Implementing a computational theory offers the opportunity to test its adequacy. In this case,
I have found that the performance of the implementation coincides well with that of human subjects
over a broad range of random dot test cases obtained from the literature, including defocussing, com-
pression, and the introduction of various kinds of masking noise to one image of a random dot stereo
pair.
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In running the program, a number of interesting points concerning the form the algorithm have
arisen. These are discussed below.
4.4.1 Pool Responses
The neighbourhood over which a search for a matching zero-crossing is conducted is broken
into three pools, corresponding to convergent, divergent and zero disparity. In the present implemen-
tation, the pools are used to deal with the ambiguous case of two matching zero-crossings, while
the disparity values associated with a match are represented to within an image element. A second
possibility is to use the pools not only to disambiguate multiple matches, but also to assign a disparity
to a match. Thus, a single disparity value, equal to the disparity value of the midpoint of the pool,
would be assigned for a matching zero-crossing lying anywhere within the pool. In this scheme, only
three possible disparities could be assigned to a zero-crossing: zero, corresponding to the middle pool;
or , corresponding to the divergent or convergent pools.
Note that under this type of scheme, the role of a finely tuned zero pool becomes more impor-
tant. In the current implementation, in which disparity values are assigned exactly, there is no obvious
need for a zero-tuned pool - it is not really necessary for the disambiguation of multiple matches.
However, if each pool can only assign a constant disparity value, then a finely tuned zero pool is
very useful in providing fine disparity values, since the narrowness of the pool, as compared to the
convergent and divergent pools, will provide finer information.
Interestingly, computer experiments show that either scheme will work. In the case of a single
disparity value for each pool, the disparities assigned by the smallest channel are within an image
element of those obtained using exact disparities for each match. This modification was tried on
both natural images and random dot patterns, and suggests that the accuracy with which the pools
represent the match is not a critical factor for the actual matching process.
4.4.2 Matching Errors
The points that were incorrectly matched in the test cases all lay along depth discontinuities. The
major reason for this is connected with the occlusion of a region. Note that at any depth discontinuity,
there will be an occluded region which is present in one image, but not the other. Any zero-crossings
within that region cannot, of course, have a correct matching zero-crossing in the other region. There
is, however, a certain probability of such a zero-crossing being matched incorrectly to a random
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zero-crossing in the other image. In principle, the algorithm detects regions which are occluded, by
checking the statistics of the number of unmatched zero-crossings, and using such results to mark
all zero-crossing matches in the region as unknown. However, for a region which contains a depth
discontinuity, only part of the region will have the above characteristics. Zero-crossings in the rest of
the region will have a unique match. Thus, when the statistical check on the number of unmatched
points is performed, it is possible for the entire region to be considered in range, and thus all matches,
including the incorrect ones of the occluded region, will be accepted.
4.4.3 Depth Discontinuities
It is interesting to comment on the effect of depth discontinuities for the different sized filters.
For random dot patterns, the zero-crossings obtained from the larger filters tend to outline blobs
or clusters of dots. Thus in general, the positions of the zero-crossings do not correspond to single
elements of the underlying image. Suppose the dot pattern consists of one plane separated in depth
from a second plane. In such a case, one might well find a zero-crossing that at one end of the
zero-crossing contour belongs to dots on the first plane, and at the other end of the contour to dots
belonging to the second plane. Such zero-crossings will be assigned disparities that reflect, to within
the resolution of the channel, the structure of the image. The zero-crossings lying between the two
ends of the contour will, however, receive disparities that smoothly vary from one extreme to the
other. The largest channel would thus not see a plane separated in depth from a second plane, but
rather a smooth hump.
For the smaller filter this does not occur, as the zero-crossing contours tend to outline individual
dots or connected groups of dots. Thus the disparities assigned are such that the dots tend to belong to
one plane or the other and the final disparity map is one of two separated planes.
To achieve perfect results from stereo, it is probably necessary to include in the 2.-dimensional
sketch a way of dealing competently with discontinuities. In a later section, we shall discuss this issue.
In this connnection, it is interesting to point out that when one looks at a 5% random-dot stereogram
portraying a square in front of its background, one sees vivid subjective contours at its boundary,
although the output of the matcher does not account for this.
4.4.4 Constraint Checking
An integral part of most computational theories, proposed as models of aspects of thdie human
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visual system, is the use of computational constraints based on assumptions about the physical world
(Marr and Poggio, 1979, Marr and Hildreth, 1980, Ullman, 1979a). The constraints so derived are
critical in the formation of the computational theory, and in the design of an algorithm for solving
the problem. An interesting question to raise is whether the algorithm explicitly checks that the con-
straints imposed by the theory are satisfied. For example, Ullman's rigidity constraint in the analysis
of structure from motion is explicitly checked by his algorithm. For the case of the Marr-Poggio stereo
theory, two constraints were used, uniqueness and continuity of disparity values. It is curious that in
the algorithm used to solve the stereo problem, the continuity constraint is explicitly checked while
the uniqueness constraint is not. Uniqueness of disparity is required in one direction of matching,
since only those zero-crossing segments of the left image which have exactly one match in the right
image are accepted. However, it may be the case that more than one element of the right image could
be matched to an element of the left image. When matching from the right image to the left, the same
is true. Note that one could easily alter the algorithm to include the checking of uniqueness, thereby
retaining only those disparity values corresponding to zero-crossing segments with a unique disparity
value when matc.-cd from both images. However, the evidence of Braddick, discussed in the next
section, would indicate that this is not the case. Hence, in the Marr-Poggio stereo theory, although
both the requirement of uniqueness and continuity are subsumed, only one of these two constraints
is explicitly checked by the algorithm. The reason the other constraint is not checked is probably
because it is physically very unlikely to be violated.
4.4.5 Representations
There are a number of questions concerning the form of the 2 -D sketch, which have yet to be
firmly answered. Some of these problems, and the results of experimentation with the implementation
as it relates to them, are indicated below.
The first critical question concerns whether the sketch uses the coordinates of the scene or of
the working arrays. In the first case, the coordinates of the sketch would be directly related to the
coordinates of the arrays of the entire scene. The advantage of this is that since disparity information
about the scene is extracted from several eye positions, the representation of the disparities over the
entire scene can readily be updated. However, this advantage also raises a difficulty. In order to store
this information into a buffer with coordinate system connected to the image of the scene, explicit
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information about the positions of the eyes is required. This is fine computationally, but for a model
of the human visual system, it may be that such information is not available to the stereo process.
In the second case, no such problem arises. Here, the coordinates of the sketch are directly
related to the coordinates of the retinal images. Such a system is called retinocentric, as it reflects
the current positions of the eyes. As such, it does not require explicit knowledge of the eye positions
relative to some fixed coordinate system within the scene, and thus it seems to be the most natural
representation. This then raises the question of how information about disparities in the scene are
maintained across eye movements.
The second question concerns the use of a fovea. Different sections of the images are analyzed
at different resolutions, for a given position of the optical axes. An important consequence of this
is that the amount of buffer space required to store the disparity will vary widely in the visual field,
being much greater for the fovea than for the periphery. This also suggests the use of a retinocentric
representation, because if one used a frame that had already allowed for eye-movements, it would
require foveal resolution everywhere. Not only does such a buffer waste space, but it does not agree
with our own experience as perceivers. If it were so, one should be able to build up a perceptual
impression of the world that was everywhere as detailed as it is at the center of the gaze, and this is
clearly not the case.
The final point about the 2 I -D sketch is that it is intended as an intermediate representation of
the current scene. It is important for such a representation to pass on its information to higher level
processes as quickly as possible. Thus, it probably cannot wait for a representation to be built up over
several positions of the eyes. Rather, it must be refreshed for each eye position.
All of these factors combine to suggest a refinement to the implementation, as outlined above.
In particular, a retinocentric representation, which represents disparities with decreasing resolution as
eccentricity increases, should be used.
For the cases illustrated in this thesis, the 21-D sketch was created by storing fine resolution
disparity values into a representation with a coordinate system identical to that of the scene. As we
have argued above, a second alternative is to store values from all channels into a retinocentric repre-
sentation, using disparity values from the smaller channels where available, and the coarser disparities
from the larger channels elsewhere. In this way, a disparity representation for a single fixation of
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Figure 4.16. Single Fixation Example. The top images are a random dot wedding cake. The
disparity map is that obtained by combining the different sized channels for a single fixation of
the eyes. In this case, the eyes were fixated at the level of the bottom, outermost plane. It can be
seen that the disparity values for the bottom plane are very sharp, since at this level the smallest
channels are able to make the correspondences. For the region in the center of the image, the
disparity values are much sparser and less accurate. This is since at this level, only the larger
channels are within range of correspondence. The reader may check this perception by viewing
the stereogram, while fixating only on the bottom plane.
the eyes may be constructed, with disparity resolution varying across the retina. Such a method of
creating the 2 -D sketch has been tested on the implementation, and is indicated in Figure 4.16.
4.4.6 Random Dot Patterns versus Natural Images
In the first part of this chapter, we have seen that the algorithm performs well on a wide range
of random dot patterns, and in fact is consistent with htiman perception on that set of patterns. We
have also seen that the algorithm can perform well on some natural images. However, there are some
differences between using random dot patterns as input and using natural images as input, which can
result in a difference in performance on natural images.
... -.. ......
I________________
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First, random dot patterns consist of synthesized intensity values, while the intensity values of
natural images are subject to many factors of the imaging process. This can serve to add "noise" to
the intensity values, and this in turn can affect the positions and orientations of the zero-crossings.
Second, the vertical alignment of random dot patterns is a trivial matter, while for natural images, the
vertical alignment is important. When random dot stereograms are synthesized, it is simple to ensure
that there is exact vertical alignment between the elements. However, in natural images, this is not
the case. Even if the two images of a natural scene are aligned vertically with respect to some object
in the scene, the process of projection may cause other regions of the scene to be slightly misaligned
vertically, unless the optical axes intersect.
The algorithm can be modified to account for this vertical deviation by allowing both horizontal
and vertical alignment of the images to be controlled. That is, when the positions of the eyes are
specified to the algorithm, they include a vertical as well as a horizontal displacement relative to one
another. For example, suppose that the disparity values from one of the larger channels specify a par-
ticular horizontal alignment of the eyes. The algorithm will make this adjustment and match the zero-
crossing descriptions of the smaller channels accordingly. If it is the case that the smaller channels do
not obtain a match, it may be because of a slight vertical misalignment, and the matching is repeated
for this horizontal adjustment, with a slight vertical alignment of the two images also taking place. In
all the cases tested on the implementation, the total range of vertical deviation across the image was
small, on the order of 2 or 3 image elements.
4.4.7 Failures of the Algorithm on Natural Images
In the first part of this chapter, I investigated the performance of the Marr-Poggio algorithm
on a wide range of random dot patterns, and indicated that its performance was consistent with that
of human perception. When turning to natural images, we have seen that the algorithm also seems
to perform well. However, there are situations in which the algorithm can return disparity values
inconsistent with other information in the image. The question is whether this reflects a basic error in
the theory or its implementation, or whether there are other aspects of the visual process interacting
with stereo which have not been accounted for in this implementation.
The results of testing the implementation on the broad range of images demonstrates that the
matching module is acceptable as an independent module. In particular, the agreement between
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the performance of the algorithm and that of human observers on the many random dot patterns
demonstrates that the matching module is acceptable, since in these cases, all other visual cues have
been isolated from the matcher.
When turning to natural images, it is reasonable to expect that other visual modules may affect
the input to the matcher and that they may alter the output of the matcher. For example, the evidence
of Kidd, Frisby and Mayhew concerning the ability of texture boundaries to drive vergence eye
movements indicates that other visual information besides disparity may alter the position of the eyes,
and thus the input to the matcher. However, it does not necessarily imply that the theory of the
matcher itself is incorrect.
Interestingly, the performance of the implementation supports this point. The implementation,
which is considered a distinct module, also performs very well on random dot patterns, where there
is no possibility of interaction with other visual processes. For many natural images, this is still true.
However, occasionally it is the case that a natural image provides some difficulty for the implementa-
tion. A particular example of this occurs in the image of Figure 4.17. Here, the regular pattern of
the windows provides a strong false targets problem. In running the implementation, the following
behavior was observed. If the initial vergence position was at the depth of the building, the zero-
crossings corresponding to the windows were all assigned a correct disparity. If, however, the initial
vergence position was at the depth of the trees in front of the building, the windows were assigned
an incorrect disparity, due to the regular pattern of zero-crossings associated with them. Clearly, this
seems wrong. Yet the question to ask is whether the implementation is wrong. Curiously, if one fuses
the zero-crossing descriptions without eye movements, human observers have the same problem: if
the eyes are fixated at the level of the building, all is well; if the eyes are fixated at the level of the
trees, the windows are incorrectly matched. I would argue that this implies that the implementation,
and hence the theory of the matching process is in fact correct. Given a particular set of zero-
crossings, the module finds any acceptable match and writes it into a buffer. When the output of
this buffer is sent to the 21-D sketch, it must be made consistent with other sources of information
feeding the 21-D sketch. In this case, it is possible that some :ater processing module is capable of
altering the disparity values, based on other information unavailable to the stereo process, and the
correct depth is written into the 2 -D sketch.
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Thus, I would suggest that future refinements to the Marr-Poggio theory must account for the
interactions of other aspects of visual information processing on the input and output of the matching
module.
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Figure 4.17. A Natural False Targets Problem. The zero-crossings corresponding to the
windows of the furthest building form a regular pattern which accentuates the false target
problem. The performance of the algorithm on these images is critically dependent on the
positions of the eyes relative to the scene. If the fixation point is at the level of the building,
the correct matching of the images takes place. If the fixation point is at the level of the trees
in front of the building, then a "wallpaper" effect takes place, and the windows are matched
incorrectly. Psychophysical experiments indicate that humans may have the same difficulty.
_
_
.
_
 
_
_
~
_
 
I 
I 
-
-
 
-
-
-
-
 
I 
I?
DEVELOPMENT OF THE IMPLEMENTATION
4.5 Development of the Implementation
We have indicated earlier that one reason for implementing a computational theory is that it
offers us the opportunity to test the theory's adequacy.
A second reason for implementing a computational theory is that the implementation serves
as a useful feedback device for the theory, indicating errors or omissions in the theory, as well as
indicating areas whose difficulty had not been previously appreciated. Throughout the course of the
development of the stereo implementation, a number of interesting observations were made. Some
of these indicated equivalent methods of implementation which had interesting properties with regard
to alternative theories of the process. Others served to correct assumptions made by the theory.
Still other observations arose at surprising places, places where no difficulty was expected in the im-
plementation process. In many of these cases, in finding a way around the problem, decisions of wide
ranging effect were made. This is particularly true of the question of zero-crossings and the question
of non-oriented filters. Thus, we shall see an example of a problem of implementation causing major
changes in the theory of early visual processing. Without the act of implementation, such effects might
not have been found. These observations are discussed in the following section.
4.5.1 From Which Image Do We Match?
Although the Marr-Poggio matcher is designed to match from one image into the other, there is
no inherent reason why the matching process cannot be driven from both eyes independently. In fact,
there may be some evidence that this is so, as is shown by the following experiment of 0. Braddick
(1978) on an extension to Panum's limiting case. First, a sparse random dot pattern was constructed.
From this pattern, a partner was created by displacing the entire pattern by slight amounts to both
the left and the right. Thus, for each dot in the right image, there corresponded two dots in the left
image, one with a small displacement to the left and one with a small displacement to the right. The
perception obtained by viewing such a random dot stercogram is one of two superimposed planes.
Suppose the matching process were driven from only one image, for example, from the right
image to the left. In this case, the implementation would not be able to account for Braddick's results,
since all the zero-crossings would have two possible candidates. However, suppose that the matching
process were driven independently from both the right and left images, an unambiguous match from
either side being accepted. In this case, although every zero-crossing in the right image would have an
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Figure 4.18. Panum's Special Case. The perception of the stereo pair is of a transparent plane
above a second plane. The disparity map of the algorithm agrees with this.
ambiguous match, the program would obtain a unique match for each zero-crossing in the left image.
Braddick's case has been tested on the program, and the results are shown in Figure 4.18. It
can be seen that the results of the implementation are that of two transparent planes, as in human
perception.
An interesting idea is that there may be half stereo blind people who can see two planes when
the images are presented such that the double image is in one eye, and who see none or one fuzzy
plane when the double image is in the other eye.
4.5.2 Oriented Filters
Although this point has been extensively treated elsewhere (Marr and Hildreth 1979, Hildreth
1980), it is interesting to recount the historical development of the use of non-oriented filters.
In the original implementation, oriented filters were used rather than non-oriented ones, in part
because the original Marr-Poggio theory was based on them. This was motivated by physiological
-LL L.D-IQ -. ; ~44
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Figure 4.19. The Snake Effect. The ideal edge of the top figure was processed with an oriented
filter whose orientation differed from that of the edge by 70 degrees. The zero-crossing in the
bottom figure has the same overall orientation as the edge, but exhibits a wide fluctuation about
this orientation.
considerations, but actual practise showed that there were severe difficulties with using such filters.
Two effects were particularly noticeable. The first is that such bar-shaped filters tend to smear or
stretch zero-crossings in thdie direction of the orientation of the filter relative to the actual edges in the
image. For example, a bar filter which is oriented vertically tends to convert a circular object in a
scene into an oval zero-crossing contour. This is not desirable, since any matching performed on such
I L_ _
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zero-crossings will result in disparity values being assigned to locations in the image for which there is
no evidence that such assignments are valid.
Some experiments with the aspect ratio of such bar shaped filters indicated, as might be ex-
pected, that the lower the aspect ratio, the smaller the amount of stretching of the zero-crossing
contours.
A second effect concerned the case of an edge with an orientation different from that of the
filter, illustrated in Figure 4.19. In this case, the resulting zero-crossings suffered from the following
problem. Rather than giving a straight zero-crossing contour along the orientation of the edge, the
filter produced a zero-crossing contour whose overall orientation was that of the edge, but which
curved about the edge in a snake-like fashion. Thus, the resulting zero-crossing contour had a
significant number of segments consisting of components in the direction of the filter orientation,
rather than in the direction of the edge. Again, any matching process which assigns disparities based
on such descriptors will be assigning disparity values which do not accurately reflect the structure of
the underlying surface.
Both of these effects led to a questioning of the necessity for oriented filters, and in fact, such
filters were replaced by circularly symmetric ones. A comprehensive analysis of non-oriented filters
was developed by Marr & Hildreth (1979).
What is of interest here is the fact that attempts at implementing the early version of the stereo
theory led to practical difficulties. In overcoming these problems, a major modification to the theory
took place.
4.5.3 Statistics
We have already seen in Section 4.3 that the statistical analysis performed by Marr and Poggio
is not consistent with the observed statistics of zero-crossings. This is due to the change in operators,
from the oriented operators used by Marr and Poggio, to the non-oriented operators used in the
implementation discussed here. By redoing the statistical analysis for non-oriented filters, I have been
able to propose a modification to the matching algorithm which simplifies its operation.
4.5.4 Zero-Crossings
An earlier implementation of the theory did not use zero-crossings, but rather attempted to
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create a symbolic description of the changes in an image using peaks of the convolved output. Several
difficulties were encountered.
One difficulty concerned the side lobe effect. By this, I mean that even for an isolated edge,
the convolved values would exhibit not only a peak corresponding to the edge, but a pair of side
lobe peaks of the opposite sign. This not only made the matching task much harder, but also added
to the symbolic description zero-crossings that did not reflect actual changes in the image intensities.
Any matching based on such descriptors was therefore likely to assign disparity values which did not
reflect the structure of the underlying part of the surface. Moreover, it was not possible to distinguish
locally between "real" peak locations and "false" or side-lobe peaks.
A second difficulty concerned the difference between a one-dimensional peak and a two-
dimensional peak. Since the matching takes place along horizontal slices of the convolved image,
one could define a peak as any local extremum along that slice. However, the symbolic descriptions
generated in this manner will differ greatly from those generated by locating local extrema in two-
dimensions, where the point is required to be a local extremum along both axial directions. This
is in contrast to the case of zero-crossings, where the zero-crossings generated by scanning along a
horizontal direction are virtually identical to those generated by examining a two-dimensional neigh-
bourhood. In fact, the zero-crossings not generated by the one-dimensional scan are not relevant to
the stereo matching process, since they correspond to horizontally oriented zero-crossing segments,
which do not have a precise disparity associated with them. Returning to the question of peaks, we
see that if only the two-dimensional peaks are matched, the density of such features is much smaller
than that of zero-crossings. On the other hand, matching of the one-dimensional peaks may lead to
difficulties, since the locations of such peaks need not be sharply localized.
All of these difficulties led to the use of zero-crossings as a matching primitive rather than peaks.
This is a particularly interesting illustration of the role of an implementation in developing a
computational theory. In this case, the implementation lead to questions about a particular aspect of
the process whose resolution had wide reaching effects. Thus, the stereo implementation brought to
light a problem which had not previously been considered, and the resolution of that problem has
significantly altered the theory of several other processes, (for example, the theory of edge detection
and the Primal Sketch, Marr and Hildreth, 1979).
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Figure 4.20. Geometry of Edge Effects. The angle 6 measures the angular error in disparity
associated with matching the occluding boundaries in both eyes.
4.6 Edge Effects
It should be noted at this point that the stereo theory has made an assumption concerning the
relevance of zero-crossings. Recall the initial motivation for the use of zero-crossings. We wanted to
match only those locations on a surface which gave rise to image properties that could be localized
physically. Thus, surface scratches, texture markings, sharp reflectance changes all were characterized
by strong local changes in intensity. Such changes in intensity will cause a zero-crossing in a second
directional derivative, and it is exactly these descriptors which we have indicated will be matched by
the stereo process. It is not apparent, however, that there is an isomorphism between zero-crossings in
the convolved image and those object features whose position we want to match. In fact, there is one
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major counter-example, namely occluding contours, or boundaries of objects. The design of the zero-
crossing detector does not allow one to distinguish between zero-crossings caused by surface markings
(photometric zero-crossings) and zero-crossings caused by changes in the gross shape of the surface
(topographic zero-crossings). One must therefore ask whether one will be badly misled by allowing
the stereo matcher to match topographic zero-crossings as well as photometric ones.
Consider a featureless cylinder, oriented vertically in space. The edges of the cylinder will in
most situations cause a zero-crossing in the convolved image. However, the portion of the cylinder
which will project to such a zero-crossing in the two eyes is different. It would seem that one does not
want to match such descriptors since they do not correspond to the same physical location.
Let us consider this case carefully. The geometry of the situation is shown in Figure 4.20. I
wish to determine the angle 6 as a function of p, 0, 0, and a, since 6 corresponds to the difference in
disparity between matching the correct point on the cylinder and matching the occluding contours as
seen in each image. Trigonometric manipulation yields the following expressions, where e = ' + 6,
tan e =
Va2 + p2 - 2 - 2ap sin3
rtan -P( 2  - a s in(3 + 0)]tan- - (p2 + 2 _ r2) - 2avp 2  r2 sin(ý3 + 0) + ra cos(3 + 0)
tan = tan E - tan -y
I +- tane tan
Consider the special case of the cylinder being centered between the eyes, as shown in Figure
4.21, where the above expressions simplify. Note that in this case:
sin/3 =
2p
Psin t = fliepso hd
r
cos0 -
P
so that the following expressions hold:
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Figure 4.21. Special Case of Object Centered Between Eyes.
tan e = V/Y2 -- r2
tan -=
tan 6 =
rV/ -(2p 2  a2) - ra/4p2 - a2}
2p 2(p 2 - r2) - rav/P- r2?4p2 - a2 + a2 r2
ra2
2p2p 2 - r2 - raV4p2 - a2
If r and p are represented in units of the inter-ocular distance a, say r = aa and p = ba, then
algebraic manipulation yields:
a =
2b3
(cot + /4b2 I2 + 4b4
Thus, given some minimum acceptable angular error, for example 6 < 0.5', one may graph
the maximum allowed radius r of the cylinder as a fuinction of the distance from the viewer, p. This
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Figure 4.22. Graph of Effects of Matching Occluding Contours. The curve indicates the maximum
radius of the cylinder, as a function of its distance from the viewer, which will cause an error in
disparity of less than 0.5' of arc.
particular case is graphed in Figure 4.22. It indicates that for almost all likely situations, the error in
disparity associated with matching the occluding contours of a cylindrical object are negligible. At a
distance from one eye of I inter-ocular unit, the maximum radius is 0.0003 inter-ocular units, a very
tight constraint. For a distance of 10 inter-ocular units (roughly 2 feet), however, the maximum radius
is 0.29 inter-ocular units (roughly 0.75 inches). This translates into cylinders of a diameter of roughly
twice the width of a thumb, viewed at arm's length. In general, except for very small distances, the
stereo algorithm will not introduce unacceptable errors in disparity when matching the zero-crossings
corresponding to occluding boundaries.
There is an alternative method for estimating the error involved in matching occluding contours.
Consider the geometry illustrated in Figure 4.23. The distance 6 measures the error in the shape of the
cylinder that would result from matching the occluding contours. Trigonometric manipulation yields
the following expressions:
100Distance in c
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Figure 4.23. Geometry of Matching Occluding Contours. The distance 6, as a function of d and
r, measures the error in the perceived shape of the cylinder that would result from matching the
occluding contours.
cos
2 / d2
r
r- +
Thus,
and this is approximated by
6 d2 d
r d
6 -d + d(1 + )
a
2
8d2'
TRANSFORMATIONS OF DISPARITY
Thus, the error in the perceived shape of the cylinder relative to its size is very small for cylinders
separated from the viewer by distances bigger than one inter-ocular unit.
This result implies that the error in depth associated with matching occluding contours is very
minor, except for situations of very small separation from the viewer.
4.7 Transformations of Disparity
Since my ultimate goal is to describe the surface structure of objects in the scene, it is necessary
to convert the disparity information into a form that more directly relates to the surface shape. There
are two obvious transformations of disparity: depth or distance, and surface orientation. Again, the
term depth will refer to the subjective distance to the object as perceived by the viewer, while distance
refers to the objective physical distance from the viewer to the object. The surface orientation of a
point is defined as the orientation of the normal vector at that point relative to some axes system.
4.7.1 Exact Distance
The geomer'ical situation involved in computing distance for a coordinate system centered be-
tween the eyes is illustrated in Figure 4.24. Two cases are shown: the simplest case of an object
centered between the eyes, and the more complex case of an object off axis. The inter-ocular distance
is denoted by a, and the disparity by 0 = 01 + 2z.
In the simplest case, t1 = 02, and
dl = - • cot 01
a
= a -cot -.2 2
In the general case,
2d2 -~' sin f
and
z = -. cos .2
The law of sines implies that
acos (2 + )
cos #s2
= a(cos 3 - sin 3 tan ~2).
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Figure 4.24. The Geometry of the Computation of Distance. The left diagram shows the simplest
case of an object centered along the axis between the eyes. The inter-ocular distance is denoted
by a, and the disparity is given by 0 = 0i + - 2. The distance of interest is di, as a function of
the inter-ocular separation a and the disparity 0. The right diagram shows the general case of an
object lying off axis. Here, the distance of interest is d = di + d2 as a function of the disparity
S-= 01 + 02, the inter-ocular separation a, and the off axis angle 3.
Thus
y = a (cos 3 - 2 sin 3 tan 02).
As a consequence,
tan 01 = 2di
a cos 3tan 02 = 2dl + 2a sin /
Thus,
tan Ct + tan 02tan # - 1 - tan 01 tan 02
a cos P(4dl + 2a sin/3)
4df + 4d 1a sin3 - a2cs 2 V
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Trigonometric and algebraic manipulation yields
d = acos # cot e - sin3+ 1 +cos2 cot2 .
Hence,
d = di + d2
= a(cos/3 cot 0 + csc 4 1 - sin2/3 cos2 ).
Note that if/3 = 0, then this expression reduces to
d = 2(cot + csc),
and cot 4 + csc 0 = cot 1, so that the expression correctly reduces to the simple case.
To compute d exactly, it is necessary to know not only the disparity 0, but also the inter-ocular
distance a and the angle /3. In order to determine this angle, one needs to know the camera angles,
that is the exact angular position of the eyes, relative to the coordinate system. For a general imaging
system, this is not a problem. However, for the case of the human system, one must consider whether
the system has access to these angles. For example, does the human system read the tensions on the
eye muscles in such a way as to extract the optic axis angles relative to a fixed coordinate frame?
Furthermore, one must also know the interocular separation, and one must again ask, for the human
system, whether there is any evidence that this value is actually accessible to the system.
4.7.2 Relative Distance
Rather than attempting to measure the distance exactly, one may instead simply attempt to
measure the distance relative to some fixed point 1. The distance is given by
d = cos/3cot + csc 1 - sin2 /3 cos2 .
If the objects being viewed are assumed not to lie too far off axis, then / is small. (Note that this
assumption is reasonabic because if an object lies too far off axis, only one eye will be able to view it.)
In this case, the distance expression reduces to the approximation:
ad ý - cot -. -
2 2
'Such as the horopter.
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Thus,
ad + Ad a - cot2 2
and
Ad + A tan0d cot tan - 1.d 2 2
By taking a series expansion for the cot and tan functions, the above expression reduces to
Ad -- A0 2+20A0 + o(Az )2
7 + A 12
We know that the change in disparity A0 must be less than 20 (Marr and Poggio, 1979).
Further, if any object is assumed to lie at least 10 centimeters from the viewer, then the disparity
0 must be less than 340. These two factors combined yield an estimate for the maximum error in
relative depth of less than 6%. Hence, the approximation
Ad -_4,
d k+4A0
Thus, we see that even to determine relative depth, it is still necessary to have some estimate of
the actual disparity to the point of fixation, as well as the relative disparities at nearby points in the
image. The inter-ocular distance no longer plays a role, however.
Of course, for the general case of practical imaging systems, concern over the accessability of the
camera angles and the separation of the cameras is not of major concern, since such parameters can
easily be measured in such cases.
4.7.3 Surface Orientation
Another possible method of representing surface shape is to use surface orientation for small
patches of the surface. One can, of course, compute surface orientation from depth values, but here
the problem of computing surface orientation directly from disparity is considered. The geometry of
the computation of surface orientation is illustrated in Figure 4.25.
In this system, the vector corresponding to a particular point is given by
r = d{cos V) cos 0, cos 0 sin 0, sin 0}
or
r = dv.
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Figure 4.25. The Geometry of the Computation of Surface Orientation. The vector r describes
the distance to a surface point in the space, as a function of 0, ) and the distance d. The surface
normal at the point is denoted by n and can be related to a new coordinate system based on the
view vector, and spanned by the coordinated axes -ve, v*, and -v.
The partial derivatives of this vector are
re = dev + d cos Ove
re- = dov + dv,
where
v = {cos 0 cos 0, cos sin 0, sin i}
vY = {- sin 0, cos 0, 0}
v0 = {- sin ; cos 0, - sin 0 sin 0, cos ?}
The normal vector at this point is given by the cross product of the two partial derivatives.
ddp cos ;vy + ddovo - d2 cos Ov
If this vector is related to a coordinate system spanned by the view vector and its partial deriva-
tives, with unit coordinate vectors -vo, vi,, -v, then the normal is given in this system by
N {--dd, dd,, Vos ), d2 cos;
IV(q
-V0
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The unit normal is given by
(-do, d cos k, d cos b}
By rotating the original axis system about the x axis, one can set 0 = . Thus, the expression
for the unit normal becomes
From our previous analysis of the case of relative depth, we know that
d ek+ eedo 00
d e+e
Finally, if changes in distance are assumed to be small relative to the actual distance, do < d, d, <«
d, then the unit normal may be approximated by
S{ +ee' 
€+k,
where e0 and ~, are the partial derivatives of disparity in the directions of the two coordinate axes.
It is apparent from these calculations that if one wishes to compute local surface orientation
directly from disparity, one must be able to compute the partial derivatives of disparity. But since the
Marr-Poggio stereo algorithm explicitly determines disparity only along zero-crossing contours, one is
confronted with the task of determining derivatives from a sparse array. Provided the disparity array
is not too sparse, this can be done. Perhaps the easiest method is to determine the local gradient of
the disparity about a point by a least-squares planar fit. This would allow one in most situations to
determine 0o and Op, and hence the local surface orientation.
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CHAPTER 5
THE CONSTRAINTS ON INTERPOLATION
In the introduction to this thesis, we saw that for any process which transforms images into
representations of surfaces, there are two stages. The first stage consists of computing explicit surface
values (depth or surface orientation) at a particular set of points in the image. The second stage
consists of interpolating between these known points to obtain a complete specification of the visible
surfaces.
In the first half of this thesis, I described the method of stereo vision for achieving the first stage.
This theory completes the first stage by computing explicit disparity values along the zero-crossing
contours of the convolved image. Thus, to achieve the goal of complete specification of surfaces, we
now turn to the second stage, the interpolation of surfaces between those known points.
Although the first half of this thesis dealt specifically with the method of stereo for computing
surface values, the second half of this thesis will deal with the general problem of surface interpolation.
There are two reasons for this general approach. The first is that there are several visual processes
which will require a method of surface interpolation: these include structure from motion, shape from
shading, and shape from surface contours. By dealing with the general question, independent of
the source of information about the surfaces, a method for interpolating surfaces may be developed,
which is valid for a wide range of visual processes. The second reason is that surface interpolation
may be considered an independent module of the visual system. The only assumption made about the
visual processes which feed the interpolation module is that they compute explicit surface informnnation
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along the zero-crossings of the convolved images. This is certainly true for stereo, structure from
motion, and structure from surface contours. Hence, the method of surface interpolation developed in
this half of the thesis should be applicable to each of these visual processes.
There are two parts to the problem of creating complete depth specifications. The most general
problem is to consider a strictly mathematical question, independent of its relevance to the human
visual system. Suppose one is given a visual process which determines surface information at points
corresponding to relevant changes in the images. Can a probability density fiunction be assigned to the
set of surfaces consistent with this information which measures the inconsistency of each surface with
the information? If so, can an algorithm for finding the surface be constructed which optimizes this
probability density, by finding the least inconsistent surface? Secondary to this mathematical problem
is the question of whether such a process is used by the human visual system.
Of course, the first problem is of considerable interest, irrespective of its relevance to the human
system. There are many applications, such as high-altitude photomapping, hand-eye coordination
systems, industrial robotics, inspection of manufactured parts, where it is useful to create a complete
specification of the surfaces.
Thus, it is of interest, both from the view point of the human system, and from the view point
of potential applications, to consider a computational theory of the process of creating complete
specifications of the shapes of visible surfaces. There are three aspects to a computational theory
which must be considered: the input representation, the output representation, and the constraints on
the computation. The input to this process will be surface values, either depth or surface orientation,
computed at those image locations corresponding to significant changes in image intensity.
It is desired that the output representation be a complete specification of surface information.
However, the actual form of the representation could be any one of several forms, for example,
distance, relative distance, or surface orientation. The choice of what kind of representation to use will
in part relate to the applications to follow and the data available. We have already seen possible forms
for the representation, and their relative merits.
Although surface values at all points of the image are important, there is another aspect of
surface information which should be made explicit. This is the set of discontinuities in surfaces; the
occluding contours, both subjective and objective. Marr (1978) argues that the 2 -D sketch should be
i:Ll_;;____i~___~=ZF1___ = ____C ~I~~_ _ ___ __ ____ I
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a viewer-centered representation which includes both explicit surface information, such as depth and
surface orientation, and explicit contours of surface discontinuities. In this thesis, the concentration is
on the problem of creating explicit surface information at all points of the surface. The question of
surface discontinuties will be outlined, and possible algorithms suggested, but an implementation of
this stage has not been completed.
5.1 The Computational Constraint
We now turn to the heart of the matter, the computational constraints involved in the process of
creating complete surface specifications.
Suppose one were to attempt to construct a complete surface description based only on the sur-
face information known along the zero-crossings. An infinite number of surfaces would consistently
fit the boundary conditions provided by these values. Even if restricted to smooth surfaces, an infinite
number of possibilities remain. Yet there must be some way of deciding which surface, or at least
which of a small family of surfaces, could give rise to the zero-crossing descriptions. This means that
there must be some additional information available from the visual process which, when taken into
account, will identify a class of nearly indistinguishable surfaces which represent the visible surfaces
of the scene.
In order to determine what information is available from the visual process, one must first
carefully consider the process by which the zero-crossing contours are generated. We have already
relied on the fact that sudden changes in the reflectance of a surface, caused, for example, by surface
scratches or texture markings will give rise to zero-crossings in the convolved image. Sudden or
sharp changes in orientation shape of the surface will under most circumstances also give rise to zero-
crossings. This fact will be used to constrain the possible shapes of surfaces which could give rise to
particular surface values along zero-crossing contours.
5.2 Image Formation
In order to examine the process of zero-crossing formation, a review of the processes involved in
the formation of an image will be presented. One of these processes is concerned with the geometry of
the projection from the scene to the image. The other is concerned with the process by which image
intensity values at a point are formed. The analysis of these processes has been undertaken by several
investigators. In this section, the work of Horn (1975, 1977) and Woodham (1978) is relied upon.
IMAGE FORMATION
5.2.1 From the Object to the Image
Consider the projection of a surface point onto the image plane as illustrated in Figure 5.1. Note
that it is convenient to think of the image plane as being in front of the lens rather than behind it. This
avoids inversion of the image. Position the lens at the origin and the image plane perpendicular to the
z axis. The focal length of the lens, that is, the distance between the view point and the image plane,
will be represented by f.
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Figure 5.1. The Image Projection. The top figure shows a perspective projection. The focal
length is given by f and the distance from the object coordinate origin to the center of the
lens is given by d. The image plane is placed in front of the lens to avoid image inversion.
The bottom figure shows an orthographic projection. This occurs in the case of objects that
are small relative to the viewing distance, where the focal length f is infinite, causing all rays
from the object to the image plane to be parallel.
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The proportionality of similar triangles yields
u z v y
f z+d f z+d
so that
f f
u-= "z v y.
z+d z+d
These equations define the standard perspective projection, determining an image point (u, v) cor-
responding to an object point (z, y, z). If the size of the objects in the scene is small compared to the
viewing distance, then for all surface points (z, y, z), z is nearly constant and the equations become,
after scaling,
U=z v= y.
These equations define the standard orthographic projection. Note that in the case of or-
thographic projection, all rays from the surface to the image plane are parallel, so the use of separate
image coordinates is somewhat redundant. Thus, the image coordinates and object coordinates can be
referred to interchangeably.
This determines where a point on a surface will appear in the image.
5.2.2 Grey-Level Formation
It is now necessary to determine what intensity value will be associated with a particular image
location. There are four factors involved in the formation of the grey-level values associated with each
pixel location in the image. Horn (1970, 1975) and Woodham (1978) identify these as:
(1) the imaging geometry,
(2) the incident illumination,
(3) the surface photometry,
(4) the surface topography.
Surface photometry refers to how light is reflected by the object surface. It is determined by
optical constants of the object material and by the surface microstructure. Surface topography is the
surface detail which is within the resolution limits of the imaging hardware. It refers to the gross
object shape relative to the viewer. Thus, for example, surface texture or colour markings refer to
changes in the surface photometry, while sharp changes in the orientation of the surface are effects of
the surface topography. Both factors can cause zero-crossings in the convolved image.
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It is now necessary to determine how much light is radiated by different parts of the object
towards the imaging device. In general, as noted, the amount of light radiated in a particular direction
by a surface element depends on a number of factors. Each is dealt with in turn.
The simplest case of illumination geometry is that of a single point source of light. In this case,
the geometry of reflection is governed by the three angles shown in Figure 5.2. The angle between
the local surface normal and the incident ray is called the incident angle and is denoted by i. The
angle between the local surface normal and the emitted ray is called the view angle and is denoted
by e. The angle between the incident and emitted rays is called the phase angle and is denoted by g.
The fraction of incident illumination at a given surface point that is reflected in the direction of the
viewer per unit solid angle per unit area is given by the reflectance function 0(i, e, g). It is generally
assumed (Silver, 1980) that cases with a more complicated light source distribution can be modelled
by a superposition of single point sources, excluding the effects of shadows and mutual illumination.
The following quantities are of use in the problem of image formation. Let the object irradiance
at a surface point (z, y, z) be denoted by a(x, y, z). This is usually constant or obeys some inverse
square law.
The ratio of image irradiance to scene radiance is denoted by t(x, y, z). If the surface is com-
posed of a single material, this is a constant. However, for cases in which the surface photometry
changes, such as at texture changes or colour changes, t is a function of its position on the surface.
Thus one can set the scaled object irradiance, frequently called the albedo, to be A(x, y, z) =
ta(z, y, z). Let r = (x, y, z) be the coordinates of a visible point on an object and r' = (z', y', f)
be the coordinates of the corresponding point in the image. This is given by the geometry of the
projection, which need not be orthographic.
Finally, let b(z', y') be the image irradiance measured at the image point (z', y'). Since the scene
radiance is proportional to the image irradiance (Horn and Sjoberg, 1978),
A (r)(i, e, g) = b(r')
This is the general equation of image formation, derived by Horn (1970, 1975, 1977, also Horn and
Sjoberg, 1978 ).
A number of simplifying assumptions are frequently made, and the effects of such assumptions
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Figure 5.2. The Imaging Geometry. The incident angle i is the angle between the incident ray
and surface normal. The view angle e is the angle between the emergent ray and the surface
normal. The phase angle g is the angle between the incident and emergent rays.
are briefly listed. If it is assumed that the object is constructed of uniform material, and that each
surface point receives the same incident illumination or irradiance, then A(r) is constant or obeys
some inverse-square law with respect to distance from the source. Of course, if the surface material
changes, then this will not be true.
If the projection is orthographic, so that an object point (z, y, z) maps into an image point
(z, y), then one may write
b(V) = I(z, y)
where I(z, y) is the image intensity recorded at a point (z, y).
If the light source is distant relative to the viewer and object, then the phase angle g is roughly
constant. The remaining angles i and e then depend on the local surface normal. If the equation of a
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smooth surface is given as z = f(z, y), then the surface normal toward the viewer at a point (X, y) is
(f{(, y), f(z, y), -1}.
It is conventional to define
p = fx(z, y) q = f,(Z, y)
so that the surface normal becomes {p, q, -1). Since g is constant in this case, (D(i, e, g) can be
rewritten as R(p, q), where R is the reflectance associated with a particular surface normal.
Note that in many cases one can decompose the surface photometry from the surface topog-
raphy in such a manner that the image intensities depend only on p and q. In fact, Woodham (1978)
observes:
"No matter how complex the distribution of incident il-
lumination, for most surfaces, the fraction of the incident light
reflected in a particular direction depends only on the surface
orientation."
Thus, if attention is restricted to situations in which the light source can be considered distant relative
to the separation of object and viewer, and to situations in which the image projection is orthographic,
then the image equation becomes
I(x, y) = A(x, y, z)R(p(x, y), q(x, y))
For most surfaces, and most illumination geometries, this decomposition of the image equation into a
product of two factors is valid (Horn, 1977; Horn and Bachman, 1977). The albcdo function A(z, y, z)
describes the effects of the surface photometry on the image intensities. The reflectance function
R(p(x, y), q(z, y)) describes the effect of surface topography on the image intensities. This will be
taken as the basic image formation equation, that is, the means by which an individual grey level is
assigned to a particular image location.
5.3 No Information Is Information
In general, any one of a multitude of widely varying surfaces could fit the boundary conditions
imposed by the stereo algorithm. The intention in this sectibn is to show that to be completely consis-
tent with the stereo process, such surfaces must meet both explicit conditions and implicit conditions.
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The explicit conditions are given by the depth or surface orientation values along the zero-crossing
contours. The implicit conditions are that the surface not give rise to any other zero-crossing contours
which do not appear in the convolved image. Thus the assertion:
The absence of zero-crossings constrains the possible surface shapes.
Just as the presence of a zero-crossing tells us that something is happening at a given location, the
absence of a zero-crossing tells us the opposite. It is this implicit information which I now shall
attempt to enunciate.
In order to make explicit any constraints on the shape of the surface, for locations in the image
not associated with a zero-crossing, one must carefully examine the image formation equation. Two
goals will be kept in mind. The first is to determine what conditions will cause a local change in
intensity, and the second will be to combine this constraint with the input from the visual processes,
such as stereo or structure from motion.
The image formation equation is given by:
I(x, y) = A(x, y) R(p(x, y), q(z, y))
and its derivatives are given by:
I,(x, y) = AzR + AR,
Vl(x, y) = AJR + AR,
V21(x, y) = V2A. R + A V2R + 2(AR + ARY)
where by the chain rule:
R, = Rppx + Rqqx
R, = Rppy + Rqqy
Rx= Rppp + 2Rpqpxq + Rqqq- + Rpp1x + Rqqxz
RU = Rppp2 + 2Rp 1,pyq, + Rq,q2 + Rppyy + Rqqyy
If the surface is planar, (a linear function of x and y), then the partial derivatives p., Py, qx, qy
all vanish and hence so du RT, Rx , RY , R,,. Thus, V72 - (' 2A)R. Hence, V721 0 if and
only if V 2A = 0 or R = 0. The condition of R = 0 is equivalent to no light being emitted by
the surface. This as an uninteresting case and is not found in practice. The other case, V 2A = 0,
implies that photometric zero-crossings, due to sudden pigment changes or sudden texture changes,
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are encompassed by this method. Even for nonplanar surfaces, a sudden photometric change will
usually force a zero-crossing in the intensities. It was exactly these types of surface markings that led
to the detection of zero-crossings as a component of the Marr-Hildreth edge detection theory.
However, the form of the equations indicates that there may be topographic effects which could
also cause sharp changes in intensity. We are interested in the surface conditions which would cause
these types of intensity changes.
Consider the following example. Suppose one is given a closed zero-crossing contour, within
which there are no other zero-crossings. An example would be a circular contour, along which the
disparity is constant. One surface which is consistent with this set of boundary conditions is a flat disk.
However, one could also fit other smooth surfaces to this set of boundary conditions. For example, the
highly convoluted surface formed by sin (x 2 + y2 would be consistent with the known disparity
values. Yet in principle, such a rapidly varying surface should give rise to other zero-crossings, at least
in the unfiltered image. This follows from the observation that if the surface orientation undergoes a
periodic variation, then it is likely that the intensity values will also undergo such a variation. Such
variation would give rise to zero-crossings in the convolved image. Since the only zero-crossings are
at the borders of de object, this implies that the surface sin ( x2 + V2) is not a valid representative
surface for this set of boundary conditions.
Hence, our hypothesis, which we shall check in the following sections, is that the set of zero-
crossing contours contains implicit information about the surface as well as explicit information. If a
set of conditions on the surface shape that cause inflections in the intensity values can be determined,
then one may be able to determine a likely surface structure, given a set of boundary conditions along
the zero-crossing contours.
The basic problem is, under what conditions does bending of the surface force an inflection
in the intensity array? This question will be answered by considering specific cases in the following
sections. The arguments will deal with the filtered intensities of thdie form V 21, whereas the Marr-
Hildreth theory uses operators of the form V 2(G * I). The additional smoothing introduced by the
Gaussian G will be discussed later. In what follows, we assume that A, R and z are functions which
have continuous second order partial derivatives.
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Figure 5.3. An Example of a Developable Surface. The component of the surface orientation
in the y direction is constant for this region of the surface, so that the only variations in surface
orientation take place in the x direction.
5.3.1 The One-Dimensional Case
I shall consider first the one-dimensional case of a developable surface. Note that the Laplacian
V2 is orientation independent, so that without loss of generality, one may rotate the coordinate
system of the image to suit our needs. One may assume that the surface has the form z(z, y) such
that z~j(z, y) = q(x, y) = c, in the local region under consideration. Hence, q, = qy = 0, and
qz = q-y = qy = 0. Furthermore, for second differentiable surfaces, p, = q, so that p, = 0,
and p,, = Pyy = 0. A sample surface is shown in Figure 5.3, (similar surfaces have been studied by
Stevens, 1979).
Suppose that a one-dimensional slice in the z direction of the surface contains at least two
inflection points. Figure 5.4 indicates a sample surface and its derivatives. Since the intensities with
which we shall deal are caused by both surface photometry, and surface topography, it is possible to
have complex interactions between the two effects. In the case in which both factors have roughly
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Figure 5.4. One-dimensional example. The top figure illustrates a slice of the surface. containing
two inflection points. The second ligure illustrates the first derivative of the surface function. The
two inflection points of the surface correspond to extrenma in the first derivative. The third figure
illustrates the second derivative of the surface function. The two inflections in the surface correspond
to /ero-crossings in the second derivative. The bottom figure illustrates the third derivative of the
surface funiction. Between the points corresponding to the two inflection points of the surface, the
third derivative contains a zero-crossing.
equivalent magnitudes, one could construct situations in which the surface topography changes radi-
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cally, yet the surface photometry also changes sufficiently so that there are no noticable changes in the
image intensities, for one eye. However, note that in such situations it is probably the case that balanc-
ing of the two effects requires a specific viewer position, to properly account for the photometric
effects. Since we have two eyes, the view point for the second eye will usually be sufficiently different
to alter the photometric effects, and the cancellation of the topographic effects by the photometric
effects will no longer be valid. Moreover, this situation is very unlikely.
Hence, the concentration will be on those situations in which at any point the changes in one of
the two components, albedo or reflectivity, dominates changes in the other factor.
We have assumed that the surface is developable such that q is constant along this slice of the
surface. In this case, the derivatives of the intensity equation are given by:
V21 = V2A) R + 2ArRp, + A(Rppp + Rppzz
Recall that the operation of finding fixed surface locations from an imnage consisted of locating
the zero-crossings of the Laplacian V 21. The goal is to determine what surface variations cannot
occur in the absence of a zero-crossing. To do this, we will first determine what topographic factors
can cause a zero-crossing in the Laplacian. The inverse will then specify what surface variations are
disallowed.
Perhaps the simplest conditions for a zero-crossing to occur are given in the following result.
Theorem I: Consider a portion of a second differentiable developable surface oriented along the
y axis such that zý(x, y) = q = c, for some constant c. If the following conditions are true:
(1) The surface portion contains exactly two inflection points in the z direction, at zi and x2,
(2) At the points zl and z2, normalized changes in albedo are dominated by normalized changes in
reflectance,
A RP
(3) The reflectance R does not pass through an extremum in this region of the surface,
(4) The reflectance R is not constant over this region of the surface,
(5) The albedo A is non-zero,
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then there exists a point zx < z' < x2 such that V21(X) = 0.
Proof:The signum function is defined by:
sgn(z) = -- 1 I if z < 0
0 if z = 0
From the derivatives of the image equation,
V21 = (V 2A)R + 2AzRppz + A(Rppp 2 + RpP)
At the inflection points xt and z2, p,(zi) = 0. Hence, evaluation of the equation yields
V 2I(xi) = V 2A(zi)R(p(zi)) A(si)Rp(p(zi))pz,(zi) for i = 1, 2
Condition (2) implies that the albedo changes are negligible in this region, so that the first term may
be ignored,
sgn(V2 I(zi)) = sgn(A(zx)R,(p(zi))pz,(xi)).
Condition (5) implies that sgn(A) = 1. Observing that
sgn(zy) = sgn(s) - sgn(y),
the sign of the convolved intensity function at the surface inflection points is given by
sgn(V2 1(Zi)) = sgn(Rp(p(xi))p, (xzi)).
Condition (3) implies that Rp does not change sign in this region of the surface and hence
sgn(R,(p(zj))) = sgn(R,(p(x2))).
Note that p. = 0 at xi, x2. The fact that there are exactly two inflections on the surface implies that
p. 0' 0 over the neighbourhood (xt, z2). Thus,
sgn(p,,(zi)) sgn(p.z(x2)),
and thus
sgn(V 2 1(XZI)) sgn(V 21(X2)).
The second differentiability of the surface implies that there exists a point z' E (zt, xz2) such that
V21(z') = 0.
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The importance of this theorem is that its contrapositive states something important about the
possible surfaces which can fit the known depth information. Specifically, if there is a set of known
depth points to which a surface is to be fit, we know that, given the conditions of the theorems,
between any two zero-crossing points, there cannot be two or more inflections in the surface. If there
were, there would have to be an additional zero-crossing there as well.
Corollary: Suppose one is given a set of known depth points at a set of zero-crossings, along a
developable surface. If the albedo A is non-zero and the reflectance R is not constant for this region of
the surface, then the surface cannot contain two or more inflection points between any pair of adjacent
zero-crossings. a
Thus, this suggests that between known values, any surface fitting the boundary conditions
should allow at most one inflection. However, this can be restricted even further.
Theorem 2: Consider a portion of a second differentiable developable surface oriented along the
y axis such that z,.(z, y) = c, for some constant c. If the following conditions are true:
(1) The surface contains exactly one inflection point in the x direction at zi, and the reflectivity R
achieves an extremum at the point Z2, zi 3 Z2,
(2) At the point x, the normalized changes in albedo are dominated by normalized changes in
reflectance of the form,
V2A Rp.,.
A_ R
and at the point x2 the normalized changes in albedo are dominated by normalized changes in
reflectance of the form,
V 2A Rppp
A R
(3) The reflectance R is not constant,
(4) 'The albedo A is non-zero,
then there exists a point zl < _' < z2 such that V 21(z') - 0.
Proof: As in the proof of the previous theorem, at the point zi,
sgn(V 21(Z)) = sgn(Rp(p(z 1))p,,(x1).
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At the point z2, RP = 0 so that
V21(x2) = V2 A( 2)R(p(X2)) +- A(x 2)Rpp(p(X2))p2(x.2).
Condition (2) then implies that at this point, the normalized albedo changes are dominated by the
normalized reflectance changes,
sgn(V 21( 2)) = sgn(A(x2))sgn(Rpp(p(x2)))sgn(p2(x2)) .
Condition (4) implies that sgn(A) = 1, so that
sgn(V21(z2)) = sgn(Rpp(p(x2)))9gn(p2(.2)).
There are two subcases. In the first subcase, pzz(zj) > 0. Since there is only one inflection point
in the surface, this implies that p(xl) < p(z2). Then Rpp(p(x2)) < 0 implies that
Rp(p(xt)) > Rp(p(x2)) = 0.
Conversely, Rpp(p(Z2)) > 0 implies that
Rp(p(zi)) < R,(p(x 2)) = 0.
In either case,
sgn(Rpp(p(z.,))) F sgn(Rp(p(zt))pzz(zt)).
In the second subcase, suppose that pz(zl) < O0. This implies that p(xz) > p(z2). Then Rp(p(z2)) <
0 implies that
Rp(p(x,)) < Rp(p(x2)) = 0.
Conversely, Rpp(p(z2)) > 0 implies that
R,(p(zj)) > Rp(p(x2)) = 0.
In either case,
sgn(Rpp(p(x2))) , sgn(R, (p(zl))Pzx(sx)).
Thus, we see that
sgn(V 21(Xi)) sgn(V 2T(X2))
and as before the second differentiability of the surface implies that there exists a point z' E (xt, x2)
such that V 21(/) = 0. 1
NO INFORMATION IS INFORMATION
Corollary: Suppose one is given a set of known depth points at a set of zero-crossings, along a
developable surface. If the albedo A is non-zero and the reflectance R is not constant for this region of
the surface, then if the reflectance function R passes through an extreinum, the surface cannot contain
any inflection points between any pair of zero-crossings. I
This theorem is unfortunately not as strong as the previous one. Here, one can exclude a
surface with one inflection point as being inconsistent with the zero-crossings only if there is also an
extremum in the reflectance function in this range of the surface as well. However, one will not be
able to gain explicit knowledge of the reflectance function, so one seems to be unable to make use of
this theorem. Indeed, surfaces with one inflection point cannot explicitly be banned. However, they
are unlikely to be the correct underlying surface.
To see this, let po = minp(x) and Pt = maxp(x). Then the range of values which are
taken by p over this region of the surface is given by [po, pl]. The above theorem implies that the
probability of any surface with one inflection point forcing an inconsistent zero-crossing in this region
is proportional to the probability of the surface reflectance function R(p(z)) reaching an extremum,
given by some probability measure pu([po, pi]). If this probability can be reduced, then the resulting
surface will have less probability of being inconsistent, and therefore will be a more likely candidate
for the underlying surface. That is, since there are no additional zero-crossings evident between the
two endpoints of the region, the more likely a surface is to contain a zero-crossing, the more likely
it is to be inconsistent with the image intensities. Since the probability of the surface forcing an
inconsistent zero-crossing is proportional to pR([po, P1]), this function can serve as a measure of the
potential inconsistency of the surface.
Note that one may not be able to determine the exact form of the probability function, since it
would require explicit knowledge about the positions of thie light sources, as well as the form of the
reflectance function R. However, this may not be important, as we shall see in the next chapter.
Further, it is possible that the original surface did contain a single inflection in this region, but
that the reflectance function was such that dithe surface inflection was not manifest in the intensity
functions. The point of the above argument is that such surfaces are unlikely, since they require a
particular arrangement of the light source and viewer in order to hide such an inflection from the
viewer. It is interesting psychophysically to question whether, under such conditions, we perceive
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the surface as being uninfleccted. Certainly, this would seem likely, since there is simply no available
information about the surface inflection point in the image intensities.
There is one final case to consider, namely that in which the surface does not contain any
inflection points in the region bounded by two zero-crossings. We again seek a method for determin-
ing the probability of inconsistency of a particular surface.
Theorem 3: Consider a second differentiable developable surface oriented along the y axis such
that zy(z, y) = c, for some constant c. If the following conditions are true:
(1) At the point x1, the surface becomes self-shadowing, that is R(zi) = 0,
(2) The reflectivityR achieves an extremum at the point z2, xz 4 Z2,
(3) At the point x2 normalized changes in albedo are dominated by normalized changes in reflectance,
V 2 A Rpp2
A R
(4) The reflectaice R is not constant over this region,
(5) The albedo A is non-zero,
then there exists a point zx < z' < z2 such that V21(X') = 0.
Proof: The fact that the surface becomes self-shadowing implies that there is a region of the
surface, beginning at xz, such that R is constantly zero. The fact that there is an extremum in R
for some other point implies that the intensity function must be concave down in the region of the
extremum and concave up in the region of self-shadowing. There must be an inflection point in
between and hence there must be a point z' such that V 21(X') = 0. I
Theorem 4: Consider a second differentiable developable surface oriented along the y axis such
that zy(x, y) = c, for some constant c. If the following conditions are true:
(1) At the point zi, the reflectivity R achieves an inflection point,
(2) There exist points xo < zx < z2 such that reflectance changes dominate albedo changes,
V 2A < Rpp 2
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(3) The first derivative of the surface, p, is monotonic in this region, (i.e. it does not achieve an
extremum),
(4) The reflectance R is not constant over this region,
(5) The albedo A is non-zero,
then there exists a point xz < Z' < x2 such that V 21(dX) = 0.
Proof: The proof is very similar to the previous ones, except that in this case, by condition (2),
sgn(V21) = sgn(A)sgr(Rpp)sgn(p').
at the points zo, z2.Then condition (4) implies that
sgn(V 21) = sgn(Rpp).
Condition (3) implies that
P(zo) < P(X) < p(z2
or
P(z2) < p(zl) < p(Zo)
In either case, condition (1) then implies that
sgn(Rp(p(xo))) sgn(Rpp(p(Z2))) .
Hence,
sgn(V21(xo)) - sgn(V 21(x 2)),
and as before, the second differentiability of the surface implies that there exists a point z' E (zo, X2)
such that V 21(z') = 0. 1
The previous two theorems also allow one to estimate the probability of inconsistency of a par-
ticular surface. That is, if po = min, p(x), Pl = max, p(x), then the probability that the surface
forces an inconsistent zero-crossing in the image intensities is proportional to the probability that the
reflectance function contains an inflection for this region of the surface, and is also proportional to the
probability that the surface is self-shadowing for the particular imaging geometry.
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All of these theorems relate the existence of a change in intensity to a set of conditions on
the surface and its reflectivity function. Some of these conditions are of major interest, since they
will enable us to measure the probability of a particular surface being consistent with the image
information. Note that the other conditions of the theorems all seem reasonable. The requirement
that A be non-negative is a trivial one, since it is only intended to exclude the case of a zero albedo
factor, for which no light is reflected from the surface. Similarly, the condition that R be non-
constant is to exclude the case in which a uniform amount of light is observed for the surface, inde-
pendent of the orientation of the surface, which is probably physically impossible. The final condition
usually concerns the relative strengths of albedo (or photometric) changes as opposed to reflective (or
topographic) changes. The basic assuption in these theorems is that the changes in intensity due to
albedo changes do not dominate the changes in intensity due to topographic changes.
Parenthetically, note that if in fact the albedo changes are much bigger than the topographic
changes, this results in the situation where
V"l (VA )R
which means that photometric changes will result in zero-crossings in the Laplacian of the intensity.
These are precisely the types of features used as motivation by Marr and Hildreth in the design of
their method for creating primal sketch descriptions.
It is worth noting that the condition concerning the relative effects of albedo and topography in
all the theorems can be relaxed from requiring the inequality at the points of inflection, to simply re-
quiring that the inequality hold for some point within a neighbourhood about the points of inflection.
In general, note that in situations where the surface markings are strong, the density of zero-
crossings is high, and the surface is well constrained by the known depth points. In situations where
the surface markings are sparse, shading analysis constraints such as have been outlined in the above
theorems will constrain the surface.
Thus we see that provided the changes in surface topography dominate changes in albedo, we
have a method for determining the. probability of a particular surface being the underlying surface
of the image. Given the form of the surface, the probability of the surface being inconsistent with
the image intensity information contained in the zero-crossings can be measured, since this is related
to the probability of the surface forcing an inflection in the intensities which has not been detected
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by the zero-crossings detector. This gives a method of assigning a probability function to the class of
possible surfaces, measuring the acceptability of such surfaces.
To illustrate these arguments, Figures 5.5, 5.6, 5.7 and 5.8 show examples of a one-dimensional
slice of a developable surface, with a Lambertian reflectance function, and the intensity values ob-
tained for different positions of a point light source. Figure 5.5 indicates the sample surfaces and
the rough positions of the light sources for the different examples. Figures 5.6, 5.7 and 5.8 indicate
sample surfaces and the corresponding intensity profiles for different positions of the light source, as
indicated in Figure 5.5.
NO INFORMATION IS INFORMATION
Figure 5.5. Examples of One-Dimensional Surfaces. The top figure shows one surface and
the arrows indicate the rough orientations of the ligolt source. The numbers refer to the
intensity profiles in Figure 5.6. The bottom figure shows a second surface, with a set of rough
orientations of the light source. The numbers refer to the profiles of Figures 5.7 and 5.8.
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Figure 5.6. Examples of a Surface with Two Inflections. The top figure shows a slice of a
surface. The vottom three figures indicate intensity profiles for different positions of the light
source. Note that in all cases, there are six intensity inflections. In case 3, the intensities also
undergo a self-shadowing, where the intensity value is zero.
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Figure 5.7. Examples of a Surface with One Inflection. The top figure shows a slice of a
surface. The bottom three figures indicate intensity profiles for different positions of the light
source.
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Figure 5.8. Examples of a Surface with One Inflectinn. The top figure shows a slice of a
surface. The bottom three figures indicate intensity profiles for different positions of the light
source. Note that in case 8, the intensity profile undergoes a self-shadowing.
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5.3.2 The Two-Dimensional Case
One would like to consider extensions of these theorems to cases other than developable objects.
In particular, there are other conditions in which one obtains topographically induced zero-crossings
in V21, where the surface need not be developable. In the previous section, a set of theorems were
proven analytically. In considering general extensions of these theorems in this section, a set of
geometric arguments will be sketched.
For all of the arguments in this section, assume that the albedo effects can be ignored relative
to the topographic, that is, the albedo factor may be considered constant. The general form of the
argument is as follows. Consider a surface, and take a planar slice of the surface along some direction
(such as the x direction). At each point along the resulting curve, one may associate a surface orienta-
tion, or gradient, given by a pair of partial derivatives, p(z, y) = fx(x, y), and q(z, y) = f,(z, y).
Thus, one may construct a two-dimensional space spanned by a coordinate system with axes given by
p and q, the gradient space introduced by Huffman (1971) and used by Mackworth (1973), and by
Horn (1977) to relate the geometry of image projections to the radiometry of image formation. The
curve obtained by the planar intersection of the surface transforms into a new curve in gradient space.
Because the albedo A is roughly constant, the image intensities are determined by the reflectance
factor R(p, q). Thus, the intensities may be related to Horn's reflectance map, in which one considers
the surface defined by R(p, q) in gradient space. Here, the curve on the original surface will map onto
a curve on the reflectance surface R(p, q).
The interest is in what conditions on the original surface and the reflectance surface will cause a
sharp change in the image intensities. Note that the intensities along any parametric curve are given
by the height of the corresponding point on the parametric curve on the reflectance surface. How
does one relate an inflection in intensity to the form of this three-dimensional curve? Suppose one
traces along the length of this curve. At any point consider the component of the gradient of R in
the direction of motion - that is, as one continues to move along the curve, does one move upwards,
downwards, or on the level? A change in the direction of the local gradient, from up to down or down
to up, will correspond to a local extremum in intensity along the slice of the surface. Furthermore,
a pair of changes in direction will imply that between them, there must be an inflection in intensity.
This is the condition in which we are interested.
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Figure 5.9. Gradient trace of surface with two inflections. If q is constant, then tracing along a
surface slice with two inflection points results in three overlapping curve segments.
We can now recast our previous theorems in this new manner. The case of a developable surface
is that in which q is constant along the slice of the surface. If the original surface has two inflections,
along the surface slice, the function p has a local minimun: and a local maximum. The translation of
this curve to gradient space results in a curve which consists of three overlapping segments as shown
in Figure 5.9.
Thus, the first theorem states that provided the reflectance surface is not constant in this region
of gradient space, there must be an inflection in image intensities. This can easily be seen. In par-
ticular, at the gradient points corresponding to the extrema in p, the local gradient of the curve in
reflectance space must undergo a change in direction (since R is not constant). 'Thus, there are two
such changes in direction and hence there must be an inflection in intensity at some point along the
curve.
The second theorem concerned the case of only one inflection in the surface. In this case, the
function p, as traced along the curve, will have only a single extremum. Hence, there will be only one
change in the direction of the local gradient of the curve in reflectance space. However, if there is a
point along the curve at which the reflectance function R undergoes an extremum, then this will result
in a second change in the direction of the local gradient, and once again there must be an inflection in
the image intensities.
Similarly, if the reflectance function passes from a self-shadowing through an extremum as one
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Figure 5.10. Gradient space curves. Figure (a) illustrates the case of q constant as p passes
through two inflections along the slice. Figures (b) and (c) are cases of surface slices in which q
is not constant along the curve. In case (b). almost all reflectance surface R will be such that two
changes in the local gradient occur, as one traces along the curve. In case (c), this is less likely.
traces along the p - q curve, then there again are two changes in the direction of the local gradient of
the p - q curve, and again there must be an inflection in intensity.
Suppose the condition that q be constant is relaxed. Do the same theorems still hold? Consider
first the case in which the original surface has two inflections along the z direction, and hence, two
extrema in p. In the case of q constant, we saw that the corresponding curve in gradient space had two
sections of overlap. If q is not constant, then this is not the case, although the gradient space curve still
contains two points where the curvature changes sharply. This is illustrated in Figure 5.10.
The case illustrated in Figure 5.10a is that of a developable surface. We have already discussed
this. Consider the case illustrated in Figure 5.10b, where the reflectance space curve undergoes a sharp
change in curvature at two points. It is possible for the reflectance surface to be such that the local
gradient of the curve does not change direction at these points. This would be true both for the case of
a constant reflectance, and for the case of a planar reflectance surface with no component of gradient
in the p direction. However, for most reflectance surfaces, the direction of the local gradient will
change, and once again there must be an inflection in the intensities. Thus, although the conditions
under which we can explicitly state that there must be an intensity inflection are not as strong as in the
q
p
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case of constant q, it is still the case that for most reflectance surfaces R, such changes in p must cause
an intensity inflection. This is particularly true for cases where the changes in q are small compared to
the changes in p, as indicated in Figure 5.10b. As the changes in q increase in magnitude, the p - q
curve approaches the form shown in Figure 5.10c. As this happens, the probability of the reflectance
surface R having a form such that the local gradient along the curve changes twice decreases.
In a similar manner, one may argue that if the curve in gradient space passes through an
extremum in the reflectance surface, and contains a point of sharp curvature (corresponding to an
extremum in p in the original surface), then it is probable that there is an inflection in intensity. In
the case of the gradient curve passing from a region of self-shadowing through an extremum in the
reflectance surface, the same sort of argument holds again, as the curve must change its direction of
local gradient at both locations.
Hence, we have argued geometrically that the following is true.
Theorem 5: Consider a surface, and some planar slice of that surface. This defines a curve on
that surface, and hence a curve in gradient space. If any of the following are true:
(1) The gradient curve contains two points of sharp curvature (and in the limit, infinite curvature as
the curve doubles back upon itself),
(2) The gradient curve contains one point of sharp curvature, and also passes through a local ex-
tremum (defined in termnis of the intersection of the curve and the reflectance surface) of the
reflectance surface,
(3) The gradient curve passes from a region of self-shadowing through a local extremnum (defined in
terms of the intersection of the curve and the reflectance surface) of the reflectance surface,
Then, for almost all reflectance surfaces, there will be an inflection in the image intensities taken along
the line of the curve on the original surface. I
Note that by "almost all reflectance surfaces" I mean the following. In order for one of the
above conditions to be true and not give rise to an inflection in image intensities, one requires a
very particular form for the reflectance surface. In the space of all possible reflectance surfaces, such
peculiar surfaces will form an extremely small subspace, and in general will not arise.
Furthermore, there is an interesting consequence of assuming that the viewer position is not
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fixed. Suppose one considers a situation such as that given by Figure 5.10b. In order to avoid an
intensity inflection, the reflectance surface must have a local form such that the surface gradient has
no component in the p direction. If the viewer position is changed slightly, this will result in a
transformation of the functions p and q, and hence the gradient curve will change, while keeping its
basic form. Thus, if one is still to avoid an intensity inflection, the reflectance surface must again have
a very restrictive form, such that the new region of gradient space spanned by the new curve also
has no component in the direction perpendicular to the curve. This is even more unlikely to occur
than the first situation, since we are applying even more stringent conditions upon the form of the
reflectance surface. Thus, for most reflectance functions, small alterations in viewer position will tend
to eliminate the conditions under which sharp changes in the gradient curve do not force inflections in
intensities. T'Ihus, the theorems we have developed in the preceeding section hold in general for almost
all reflectance functions.
One final note should be made concerning the arguments of Theorem 5. These arguments are
based on the use of a directional derivative along the line of the one-dimensional slice of the surface.
Yet, the stereo algorithm uses the Laplacian as its differential operator. Fortunately, the arguments
used in proving this theorem will still hold in the case of using a Laplacian, under a simple assump-
tion. Marr and Hlildreth (1980) note that if the condition of linear varialion, which states that the
intensity variation near and parallel to the line of zero-crossings should locally be linear, is valid, then
one is justified in using a Laplacian rather than a directional derivative. If we assurnme the condition of
linear variation as part of T'heorem 5, then the arguments used to prove that theorem in the case of
developable surfaces will still apply in the case of more general surfaces with linear intensity variation
parallel to the zero-crossings.
5.3.3 Summary
Let us recapitulate the important aspects of this section. The basic hypothesis was that in order
for a surface to be consistent with a given set of zero-crossings, not only must it give rise to an
inflection in the intensities at those points, but it must also not give rise to zero-crossings anywhere
else. 'This led to the assertion that under most situations, such a restriction would require that the sur-
face not change in a radical manner, that it not contain a large number of inflection points, (defined
along one-dimensional slices of the surface). It is difficult to prove this in general, since the image for-
NO INFORMATION IS INFORMATION
mation equation includes terms dependent on the imaging process and on the light source geometry,
as well as factors dependent on the photometric properties of the surface itself. However, under some
fairly weak assumptions concerning dithe relative strengths of photometric and topographic changes,
it is the case that a pair or more of inflections in the surface will cause an inflection in intensity.
Further, although a single surface inflection will not in general cause a change in intensity, if the
reflectivity function passes through an extremum as well, then the intensity function must contain a
sharp change. Finally, if the surface does not contain any inflections, it is still possible to have an
intensity change, either if the reflectivity function passes through an inflection, or if the reflectivity
fuinction passes through an extremnum and the surface is self-shadowing.
The importance of these theorems is that they lead to a method for measuring the p)robability
of a particular surface being inconsistent with the zero-crossing information. This in turn suggests
that it will be possible to derive a method for measuring the best possible surface to fit the known
information. We shall turn to this problem in the next chapter.
One final note concerns the use of (V2G)* I rather than V 21. The inclusion of a Gaussian in
the operator will result in a certain amount of smoothing of the image intensities, before the zero-
crossings are detected. This means that the original surface may contain a certain amount of high
frequency fluctuation which will give rise to zero-crossings, and hence will not be present when we
reconstruct the surface. ''his is not criticial, since we are interested in a reasonable approximation
to the original surface, and such fluctuations as are removed by the Gaussian will not constitute a
significant alteration of the shape of the reconstructed surface, at that scale.

THE COMPUTATIONAL PROBLEM
CHAPTER 6
THE COMPUTATIONAL PROBLEM
We are now ready to consider the computational problem associated with the task of construct-
ing complete surface specifications consistent with the information contained in the zero-crossings.
The modules of early visual processing, such as stereo or .-tructure from motion, provide explicit in-
formation about the shapes of the surfaces at specific points in the images, corresponding to the zero-
crossings of the convolved images. The theorems of the previous chapter indicate implicit information
about the shapes of the surfaces between the zero-crossings. In this chapter, these two effects will be
combined, in order to obtain a complete surface specification. In later chapters, an algorithm to solve
this problem will be considered.
6.1 Formulating the Surface Consistency Constraint
The incoming information, with which the interpolated surfaces must be consistent, is that of
depth values along the zero-crossings of the convolved image. Additional information can be derived
from the theorems of Chapter 5. The fact that there do not exist other zero-crossings between the
known ones, together with these theorems imply a constraint on the surface. I shall call this or the
surface consistency constraint.
For simplicity, consider first the case of a developable or cylindrical surface. What do the
theorems state about the shapes of such surfaces? Consider an example. Suppose that one is given
the two boundary points as shown in Figure 6.1, and no additional zero-crossings. There are infinitely
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Figure 6.1. A boundary condition and some sample surfaces.
many second differentiable surfaces which will fit these conditions. Some examples are shown in the
figure. How does one choose which surface of this collection is the "correct" one? The theorems
of the previous chapter indicate that surface (c) is impossible under almost all conditions, because
it would yield additional zero-crossings interior to the boundary zero-crossings, and no such zero-
crossings exist. Surface (b) is less likely than surface (a), since there is a larger probability that (b)
will be inconsistent with the known image intensities, in particular with those locations in the image
corresponding to intensity inflections. Thus, for these three sample surfaces, the least inconsistent
candidate is surface (a).
Yet, the problem is that the best one can do is simply state that (a) is more likely than (b), rather
than stating that (a) is the correct surface. The reason for this is that we do not have enough informa-
tion to determine exactly the correct surface. To see this, note that the theorems of Chapter 5 have
the form: If some condition on the surface is true and some conditions on the reflectivity are true,
then the convolved image intensities must have a zero-crossing. The contrapositive of this states that
since there is no zero-crossing between the known ones, either the condition on tie surface is false or
one of the conditions on the reflectivity is false. One can safely assume that most of the conditions on
the reflectivity are true, in particular, the conditions on the albedo not being zero and the reflectance
not being constant. Thus, one must state that either the surface does not have a particular form,
or that the reflectivity does not attain an extremum, inflection or self-shadowing. To decide which
of these possibilities is the case would require explicit information about the form of the reflectivity
futnction of the surface, including knowledge of the surface material, as well as explicit information
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concerning the positions of the light sources. Such information will not generally be available in this
situation. Since one of these two conditions must be incorrect, the probability that the surface must
be constrained is directly related to the probability that the reflectivity function for that surface has an
extremum, an inflection, or a self-shadowing.
This implies that in this situation, one will not be able to construct a direct relation between
image intensities and surface shape. Note that this differs from the case of shape from shading (Horn,
1970) in which such a relationship is constructed. Although one cannot construct a direct relationship
between the image intensities and the surface shape, one can construct a relationship between changes
in the image intensities (the zero-crossings of the convolved images) and the surface shape. The
theorems of the previous chapter indicate that this relationship is a probabilistic one. For a particular
surface shape between a set of zero-crossing contours, one can associate a probability measure of that
surface being inconsistent with the known inflections in the image intensities, based on the reflectance
function of the surface. Using this measure of surface inconsistency, one can then find the surfaces
that minimize this probability.
The interpolation problem can now be stated. Given a set of known depth points, consider all
possible surface fitting through those points. One would like to be able to compare different surfaces,
in order to determine which is the least inconsistent. The normal method for comparing surfaces is to
assign to each surface a real number. Then, in order to compare the surfaces, one need only compare
the corresponding real numbers. The assignment of real numbers to possible surfaces is accomplished
by defining a functional, mapping the space of possible surfaces into the real numbers, e:X ý R.
This functional should be such that the less inconsistent the surface, the smaller the real number
assigned to it. This means that the functional should somehow capture the essence of the theorems of
Chapter 5. In this case, the least inconsistent surface will be that surface which is minimal under the
finctional.
Interpolation refers to the case in which the surface exactly fits the set of known points. The
problem can be relaxed somewhat into an approximation problem, requiring only that the surface
approximately fit the known data and be smooth in some sense.
For both interpolation and approximation, there are two distinct classes of methods available
- global and local methods. Of course, questions of global versus local belong at the level of the
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algorithm, not the computational theory, which is independent of such considerations. I shall consider
such methods in the next chapter, when we discuss possible algorithms for solving the computational
problem.
6.1.1 The Form of the Functional
The major problem is to detenrmine the functional E. The theorems of the previous chapter have
related the consistency of a surface to the probability that the surface reflectance function contains an
extremum, an inflection, or a self-shadowing. In principle, the fimnctional e should measure this prob-
ability, denoted by pR. If one could construct such a probability function, then finding the surface
which minimizes this probability of inconsistency between the surface and the image intensities would
be equivalent to finding the least inconsistent surface. This would constitute an optimal solution to
the problem. Without explicit knowledge of the surface material and light source positions, it is not
possible to explicitly construct this function pR.
Since PR is a probability measure, however, note that:
pR(A U B) = pR(A) + pR(B)
pR(A) O 0
for all elements A, B in the a-algebra of pR.
Although it may not be possible to directly minimize pn, this observation implies that its value
can be reduced for any surface by minimizing some other measure of the size of the argument to pR.
For example, in the one-dimensional case, the probability that R contains an inflection, an extremum
or a self-shadow is directly proportional to the size of the interval [po, Pt] where po = min, p(x) and
pi = max, p(x). Thus, by minimizing the size of [po, Pi], the probability of a surface inconsistency,
given by Pn([Po, Pl]), can be reduced. For example, in Figure 6.2 this means that surface (a) is more
consistent than surface (b), and that surface (c) is more consistent than surface (d), since in both cases,
the range of [po, pi] is reduced.
The problem may be considered in the following manner. With every point on the surface,
associate an orientation, and hence a pair of partial derivatives, f, = p, fy = q. Thus, each point
on the surface may be mapped to a point in a space spanned by p and q axes, the gradient space
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a
Figure 6.2. Consistency of surfaces. Surface (a) is more consistent with the zero-crossing
information than surface (b). Similarly. surface (c) is more consistent than surface (d).
(Huffman, 1971; Mackworth, 1973; Horn, 1977). Hence, with each surface patch, one may associate
a neighbourhood of p - q space by mapping the p and q values associated with each point on the
surface into gradient space. This neighbourhood will be referred to as the p - q neighbourhood
spanned by the surface patch.
Thus, for each patch of surface, the probability function PR assigns a value based on the neigh-
bourhood of p - q space spanned by the surface patch. The observation about the monotonicity of
probability measures implies that although the explicit form for the probability fuinction may not be
known, its value can be reduced by minimizing the size of the neighbourhood of p - q space. Thus,
rather than using the probability measure pR, a measure of the p - q neighbourhood spanned by a
a
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surface patch will be used as the functional E. Then, the minimization of this functional will result in
a reduction of the probability of surface inconsistency, and the surface defined in this way will form a
reasonable approximation of the original underlying surface.
Of course, there are some constraints on the minimization of the size of the p - q neighbour-
hood. For example, each surface patch cannot be minimized in isolation. To see this, consider a one-
dimensional surface. Between any two adjacent zero-crossing points, the minimization of the neigh-
bourhood in p - q space would result in a single point, corresponding to a planar surface between
the known depth values. The problem with this simple method of reducing surface inconsistency is
that it does not account for the interaction of surface patches. In particular, such a method would
result in a piecewise planar surface approximation. For any three consecutive zero-crossing points,
such a method would introduce a discontinuity in surface orientation at the middle zero-crossing. This
is unacceptable since it is required that the surface be second differentiable. Thus, there are some
constraints on the manner in which the neighbourhoods in p - q space are minimized.
In fact, in the nomenclature of gradient space, the problem may be phrased as follows. Between
any two adjacent zero-crossings, one can define a patch of the surface f (actually a curve in the case
of a cylindrical surface). This surface curve f(x) can be mapped into a parametric curve in gradient
space, p(x). If f is continuous and bounded, then so is p and the support of p, defined as the set of all
values of p(x) as z traces over the surface patch f, is bounded and connected. The goal is to minimize
the extent of the support of p for each section of the surface, subject to the following constraints:
(1) The support of p(x) must contain the point po corresponding to the orientation of the plane
between the known depth points. (Due to the mean value theorem.)
(2) The integral of p(x) over its support must equal the difference in depth between the zero-
crossings.
(3) If fl, 2 are adjacent patches of the surface, then the supports of pi(z), p2(X) must overlap.
(4) At one of the known points z', belonging to surface patches f. and f2, the corresponding
gradient values must be the same, pl (X') = P2(z).
For a general two-dimensional surface, a similar set of constraints holds.
Thus, the computational argument has led to the following problem. We know from the analysis
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of the images, that changes in image intensity occur at certain positions in the image, marked by the
zero-crossings of the convolved image. At all other points in the image, no such intensity changes
are evident. For each surface portion, we can associate a measure of the probability of that surface
implying a zero-crossing in the convolved image intensities. This probability function has as its a-
algebra, the algebra of all neighbourhoods of gradient space. Since between zero-crossings, there are
no other zero-crossings, this gives a measure on the inconsistency of this particular surface portion. To
choose the least inconsistent surface, we seek to reduce this probability, as measured over all portions
of the surface.
6.1.2 The Problem is Well-Defined
There exists standard matchmatical machinery for comparing surfaces, by defining a functional
from the space of surfaces to the real numbers. In this section, that machinery is developed. For
further details, see for example Rudin (1973).
A vector space V over a field '4 is a set, whose elements are called vectors, in which two
operations, addition and scalar multiplication, are defined v ith the following algebraic properties.
(1) To every pair of vectors v and w correponds a vector v + w such that
v + w = w + v and v + (w + u) = (v + w) + u;
V contains a unique vector 0, called the origin, such that v + 0 = v for every v E V; and to
each v E V corresponds a unique vector -v such that v + (-v) = 0.
(2) To every pair (a, v) with a E P and v E V corresponds a vector av such that
IV = v, a(P1) = (aP)v,
and such that the distributive laws hold,
a(v + z) = av + aw, (a + 3)v = av + 3v.
If V is a vector space, W C V, U C V, v E V, and X E- 4, the following notations are often
used:
v + W = {v + w:w W}
v- W = (v - w:w E W}
W+U= (w+ u:wE W, uE U}
XW = {Xw:w E W}.
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A set W C V is a subspace of V if
aW + 3W C W, for all scalars a, p.
A set W C V is called convex if
tw + (1 - t)w c w, o < t < 1.
A vector space V is called a nonned space if there exists a function, called the nonn, from the
vector space to the nonnegative reals, e: V ý R+ , such that
(a) e(v + w) < e(v) + 8(w) Vv, w E V
(b) e(av) = Ijal(v) v e V, a scalar
(c) e(v) > O if v l 0.
Condition (a) is called the triangle inequality and is the generalization of the observation in Euclidean
space that the length of one side of a triangle is never larger than the sum of the other two sides.
A semi-norm on V is a real-valued function p on V such that
(a) p(v + w) 5 p(v) + p(w)
(b) p(av) = laip(v).
Condition (a) is called the subadditivity property.
Lemma: A number of trivial facts are true of semi-norms.
(a) p(O) = 0
(b) p(v) > 0
(c) X = {v:p(v) = O} is a subspace of V.
Proof:Since p(av) = jalp(v), (a) is true, by setting a = 0. The subadditivity implies that
p(v) = p(v - w + w) _ p(v - w) + p(w).
Thus, p(v) - p(w) < p(v - w). Similarly, p(w) - p(v) _ p(w - v). Since p(v - w) = p(w - v),
it follows that
(p(v) - p(w)l < p(v - w).
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If w = 0 then jp(v)I < p(v) which implies p(v) > 0.
Finally, consider X = {v:p(v) = 0}, and let v, w G X. Clearly, p(av +,3w) > 0. But
p(av + Ow) = jalp(v) + ]plp(w) = 0. Thus, av + O3w E X and X is a subspace. 1
Any space with a semi-norm defined on it can be associated with an equivalent normed space.
To see this, let W be a subspace of a vector space V. For every v E V, let ir(v) be the coset of W that
contains v,
r(v) = v + W.
These cosets are elements of a vector space V/W called the quotient space of V modulo W. In this
space, addition is defined by
r(v) + ir(W) = r(v + W)
and scalar multiplication is defined by
a7r(v) = 7r(av).
The origin of the space V/W is ir(O) = W. Thus, 7r is a linear map of V onto V/W with VV as its null
space, called the quotient map of V onto V/W.
The important point about quotient spaces is the following. Suppose p is a semi-norm on a
vector space V. Let
X = {v:p(v) = 0}.
This is a subspace, by the above discussion. Let 7r be the quotient map from V onto V/X, and define
a mapping p':V/X R,
p'(I(v)) = p(v).
If r(v) = 7r(w) then p(v - w) = 0. Since jp(v) - p(w)l < p(v - w), then p'(ir(v)) = p'(7(w))
and p' is well-defined on V/X. It is straightforward to show that p/ is a norm on V/X.
The point of the previous discussion is that now all facts about normed spaces apply to semi-
normed spaces, to within a factor of the null space X, since the quotient space defined by a semi-
norm is always a normed space.
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Given a sequence of vectors, {vn} in a vector space V and a norm e on that space, the sequence
is said to be Cauchy if for all e > 0 there is an integer M such that
(v, - vn) < e Vm, n > M.
For a sequence of vectors {vu} to converge, there must exist some vector v such that for every f > 0,
there exists some integer M such that for all m > M, E(v - v,,) < e. If every Cauchy sequence
converges in a normed space, then the norm is said to be complete. A norm is said to satisfy the
parallelogram law if
e2(v + w) +- 02(v - w) = 292(v) + 2e2(w).
We shall rely on a simple but important property concerning certain types of norms.
First, note that given a set of functions, 9, defined on some space V, the set 5 also forms a vector
space. To see this, let f, g E 9 and define the vectorf + g by
(f + g)(v) = f(v) + g(v).
Similarly, if a is an element of the scalar field, define the vector af by
(af)(v) = af(v).
Using these definitions of addition and scalar multiplication, it can easily be shown that 9 forms a
vector space.
Theorem: Suppose there exists a complete norm E on a space of functions H, which satisfies the
parallelogram law. Then, every nonempty closed convex set E C H contains a unique x of minimal
norm.
Proof:(See for example Rudin, 1973) The parallelogram law states
e2(v + w) + 02(v - w) = 202(v) + 2e2(w).
We let
d = inf {E(v):v EE}.
_i___liL__IC_____~___ - -- _ - ·- C L ~~-· - _C - _--r-
-- - -~ n -~ I---.
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Choose v., E such that 1Ivll ý d. By the convexity of E, we know that I(vI + V~m) E E and so
IIvn + v,112 > 4d2 . If v and w are replaced in the definition of the parallelogram law by v,, and m,,
then the right hand side tends to 4d2 . But jIv, + v,llm > 4d2 , so one must have IIv, - v,,,11 2 - 0
to preserve the equality. Thus, {v,} is a Cauchy sequence in H. Since the norm is complete, the
sequence must converge to some v E E, with 8(v) = d.
To prove the uniqueness, if v, w E E and 8(v) = d, 8(w) = d then the sequence
{v, w, , w, ... } must converge, as we just saw. Thus v = w and the element is unique. I
Corollary 1: If e is a semi-norm, then the same holds true, except that now the element is unique
up to an element of the null space of the semi-nonn,
X = (f G H:llfll = 0}.
Corollary 2: Let X be a vector space of "possible" functions on R2 and let
U = {f E X I f(zi, yi) = Fi i = 1,..., N)
so that U is the set of functions which interpolate the known data {Fi}. Let 8 be a semi-norm, which
measures the "inconsistency" of a function f E X - f is "better" than g if O(f) < O(g). If 8
is a complete semi-norm and satisfies the parallelogram law, then there exists a unique (to within a
funimction of the null space of 8) surface s E U which is least inconsistent and interpolates the data.
Hence the interpolation problem is well-defined.
Proof: Clearly U is convex since for any f, g E U,
('Xf + (1 - X)g)(•Qi, yi) = (X + I - X)Fi = Fi
for any data point f1. Furthermore, U is closed, since if fn E U and fn ý f, then f(zi, yi) = Fi and
f E U. Then the previous theorem states that U has a unique (to within an element of the null space)
element of minimal norm, which is exactly the desired "least inconsistent" surface. *
6.1.3 The Physical Meaning of the Criteria
In the previous section, a set of mathematical criteiia were developed that ensure a unique
solution to the interpolation problem. The criteria were that a complete semi-norm which satisfies the
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parallelogram law should be defined over a space of possible functions such that the more consistent
a surface f is with the zero-crossing information, the smaller the value of the semi-norm 8(f) should
be. Although these criteria are well founded mathematically, one would also like to understand what
they mean in terms of the physical behaviour of the surfaces.
There are essentially four criteria involved. The first is that any semi-norm must be linear in the
sense of
e(af) = jlal(f).
What does this mean in terms of the surfaces? Consider some surface, interpolating a set of known
values. For each section of this surface, there is a neighbourhood of p - q space spanned by it. We
have seen that the consistency of the surface is proportional to the size of this neighbourhood. If the
surface is scaled by some factor a, the values of p and q over this portion of the surface will also be
scaled, and hence the entire p - q neighbourhood will be scaled. As a consequence, the consistency of
the surface should also be scaled by the same factor, so that
e(af) = ale(f).
The second criterion is that the triangle inequality hold,
e(f + g) e( f) + (g).
Consider two surfaces f and g and let the difference between them be a third surface e = f - g. It is
clear that the size of the p - q neighbourhood spanned by any section off must be bounded by the
size of the p - q neighbourhood spanned by g plus the size of the p - q neighbourhood spanned by
e. Hence, by the properties of a probability measure, the triangle inequality must hold.
The other two mathematical conditions are that the semi-norm be complete and satisfy the
parallelogram law. Both of these conditions are required to ensure that the semi-norm has a unique
minimum over a convex subset of the space. That is, these conditions will guarantee a unique solution
to the interpolation problem.
Thus, the criteria on the interpolation problem, originally motivated from a mathematical argu-
ment, can be seen to have an intuitive basis in the desired shapes of the surfaces.
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6.1.4 The Space of Functions
We have seen that the computational problem is well-defined. There are two factors still to
consider. The first is the choice of a vector space of functions which will constitute the set of possible
surfaces. The second is to determine the semi-norm on that space which will measure the desired
notion of "least inconsistent" as defined by the theorems of Chapter 5. The question of which space of
functions to use is considered first.
An inner product is a function A:V X V '-4 R written 1 (v, w) = (v, w), satisfying
(1) (y, z) = (X, y)
(2) (x + y,z) = (x,z) + (y,z)
(3) (ax, y) -= a(z, y) a E R
(4) (z,z)> 0
(5) (z, z) = 0 if and only if x = 0.
A real vector space V is called an inner product space if there is an inner product defined on
it. Note that if condition (5) does not hold, then the function is called a semi-inner product, and the
space is a semi-inner product space. If p is an inner product, then e(v) = j4(v, v)- is a norm on the
space. This can easily be shown; a more difficult criterion to check is the triangle inequality.
To see this, note the following. It is easy to determine that
0 < e2(Xv + w) = IXl282(v) + 2j,(v, w)X + 92(w).
If v 0, take
X -/4v, w)e2(v)
Then the above expression becomes
0 < e2(Xv w) = e2(w) •, W)
Hence,
[I(v, w) I e8(v)e(w).
To show the triangle inequality, note that
e2(V + W) = E2(v) + e 2(w) + 21i(v, w)
< e 2(v) + 2(w) + 2e(v)e(w)
= (e(v) + 8(w))2.
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Thus, every inner product space can be converted to a normed space. If the resulting normed
space is complete, then it is called a Hilbert space.
Lemma: If X is a semi-Hilbert space of possible surfaces, and 8 is a semi-inner product norm,
then there exists a unique (to within an element of the null space of 8) surface in X which minimizes
the norm e over all surfaces.
Proof: By the definition of Hilbert space, the norm is complete. It is easy to show that it
satisfies the parallelogram law from the definition of E(v) = u(v, v)'. Thus, if the space of functions
considered is a Hilbert space, then, by the previous theorem, the interpolation problem is guaranteed
to have a unique minimal solution. Recall that the null space of e is given by
X = {f EX:8(f)= 0}.
If the space of functions is a semi-Hilbert space, then the problem has a minimal element which is
unique up to an element of the null space, X. I
Thus, in the interpolation problem, the choice for the space of functions is clear. However, as
one might expect, there are several possible definitions of the pseudo norm, E. In most cases, these
will give very similar surfaces, and in the next section I shall outline a number of them.
6.1.5 Possible Functionals
In this section, we consider norms E, seeking complete, parallelogram semi-norms where pos-
sible, since then we are guaranteed that the solution is unique to within the null pace. However, it
is important to stress that there may be several viable alternatives, and that the choice may not be
critical. In the next section, when an algorithm for solving the computational problem is created, an
algorithmic method which applies to any semi-norm will, in fact, be created.
The computational theory argued that the functional should measure the "inconsistency" or
"likelihood" of the surface. We have observed that it is the range of gradient values between zero-
crossings that matters. The attempt here is to define a measure based on this. The measure should be
in a form which allows the constraints on the problem easily to be expressed. Also, as far as possible,
the measure should be a semi-norm on a semi-Hilbert space, in order to ensure a unique solution.
There are many possible forms for this measure, and several of them will be considered in light of
these conditions.
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6.1.5.1 Case 1: One Dimension
Example 1.1: In the one-dimesional case, the range of gradient values is related to the total arc-
length of the curve:
9 f= 1( ±f )'dx
However, this is not a semi-norm and there is no straightforward way of transforming it into one.
Example 1.2: One can also use the curvature of the curve:
62(f) = {f ( 3 dx}
Although this is perhaps the most "natural" definition of a functional, it is not a semi-norm, and
hence it is considered to be unacceptable. To see why it is not a semi-norm, consider the following. If
f is in the space of surfaces, then
E2(af) = xx 3 dx
= a ( a2 )3
/4 aO(f).
This condition will be true only if f, - 0. While this is certainly far too restrictive a condition to
place on the possible surfaces, it does suggest a possible alternative.
Example 1.3: A third choice is the quadratic variation of the gradient, which may be measured
by:
83(f) = f2:z I
Note that it is a close approximation to the curvature of the curve, provided that f, is small. 8 3 is a
semi-norm, so the surface which minimizes this norm will be unique to within an element of the null
space of the semi-norm. The null space of 8O is the set of all linear functions:
XF = span{1, x}
where
span{vt, ... , Vm} = {aivi + ... + am,,vm ai,..., am R}).
I__~_~~~ 
_I~ C_~_
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Not only does this form of the functional satisfy the mathematical criteria of a complete, paral-
lelogram semi-norm, it has a strong relationship to the "natural" form 82(f), since the restriction of
fz small is acceptable. Those cases in which f, is not negligible correspond to situations in which
the surface is rapidly curving away from the viewer, corresponding to occluding boundaries. Such
occurances will be rare in an image. Moreover, between such points, the surface will satisfy the
restriction and the above semi-norm is well-suited to the interpolation problem.
6.1.5.2 Case 2: Two Dimensions
To each of the examples of the one-dimensional case, there is an analogue in the two-dimensional
case.
Example 2.1: One possibility is to measure the total surface area which is related to the range of
surface orientation. This is known as Plateau's problem. The functional for this case is given by
84(f) = f 1f( X f Y) dzdy
Example 2.2 As in the one-dimensional case, a second possibility is to measure the curvature of
the surface. The curvature of a surface is usually measured in one of two ways.
For any point on the surface, consider the intersection of the surface with a plane containing the
normal to the surface at that point. This intersection defines a curve, and the curvature of that curve
can be measured as the arc-rate of rotation of its tangent. For any point, there are infinitely many
normal sections, each defining a curve. Two of these sections may be distinguished. If the normal
plane is rotated slightly, a new normal section is defined, and the curvature of this curve at the point
in question can be measured. As the normal section is rotated through 27r radians, all possible normal
sections will be observed. There are two sections of particular interest, that which has the maximum
curvature and that which has the minimum. It can be shown that the directions of the normal sections
corresponding to these sections are orthogonal. These directions are the principal directions and the
curvatures of the normal sections in these directions are the principal curvatures, denoted I~, and rb. It
can be shown that the curvature of any other normal section is defined by the principal curvatures.
There are two standard methods for describing the curvature of the surface, in terms of the
principal curvatures. One is the first (or mean) curvature of the surface
J = i% t+1%.
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The other is the second or Gaussian curvature of the surface
K = nca, • b.
For a surface defined by {z, y, f(z, y)}, these curvatures are given by
( f
X , Yt
+a fy
2 1+ff+f,
K Y, -1f2- y)
Thus, there are two possibilities for the functional.
curvature of the surface,
es(f) = Jl dzdy
(fz(1+ f2)
( + 2+ f
One is to measure the first (or mean)
dzdy}
As in the one-dimensional case, this is not a semi-norm, since
mal- fn f
~ ~o()
+ a2 ~• + fy•(1 + a2f) - 2ahfafYfZ•)
1+ a2f2 +
However, if f, and f, are assumed to be small, then it is closely approximated by a semi-norm. In this
case, consider
(v2f) 2 dxdy
This is a semi-norm, with null space consisting of all harmonic functions.
A second possibility for reducing curvature is to reduce the second or Gaussian curvature,
97(f) = f K2dxdy}.
By an argument similar to the above, it can be shown that this is not a semi-norm.
and
+f(1 + fI) - 2ffy"f,)
dzdyli-· C I I
.) (f) = f
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Example 2.3: As in the one-dimensional case, one can also consider the quadratic variation. The
quadratic variation in p = f is given by
2 +p2 dxdy
and the quadratic variation in q = f, is given by
2q+ q2 dxdy
If the surface is twice continuously differentiable, then p, = q,, and by combining these two varia-
tions, one gets the quadratic variation:
f(f) =  ( + 2f + f) dxdy 2
Again, as in the one-dimensional case, this is a complete semi-norm which satisfies the parallelogram
law. Hence, the space of interpolation functions has an element of minimal norm, which is unique up
to an element of the null space, where the null space is the set of all linear functions:
X = span{1, x, y}
Duchon (1972, 1973) refers to the surfaces which minimize this expression as thin plate splines
since the expression E8 relates to the energy in a thin plate forced to interpolate the data.
Note that it is also possible to measure the quadratic variation in surface orientation, rather than
the quadratic variation in gradient. However, the quadratic variation in orientation is not a semi-
norm.
From this mathematical analysis, it seems that the best candidate for the semi-norm E is that
given by the quadratic variation in gradient, as indicated above. In any case, in the next chapter, a
method of solving this computational problem is developed, which is independent of the form of the
semi-norm 0. An example of the implementation of a particular semi-norm will then be considered.
6.2 Subjective Contours
Although our interest lies with the interpolation of surfaces, it is interesting to note the ap-
plicability of the computational problem of surface interpolation to a related problem, that of subjec-
tive contours. Subjective contours arise when the visual system fills in the gap between distinct edges
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Figure 6.3. Subjective Contours. The perception associated with the figure is of a triangle
occluding a set of circles. Although the sides of the triangle are not explicit in the figure, the
visual system fills in the gaps to form subjective contours.
in the image (Brigner and Gallagher 1974, Coren 1972, Coren and Theodor 1975, Gregory 1972,
Gregory and Harris 1974, Kanizsa 1976, Schumann 1904). An example is shown in Figure 6.3 (after
Kanizsa, 1976).
Much of the interest in the literature has been concerned with the triggering conditions, under
which the perception of the contour will occur. A second question is that of the shape of the subjec-
tive contour, and the previous discussion is relevant to this question. Ullman (1976) has suggested that
the form of the subjective contour is given by the curve which minimizes
I ( '+ -dx.(I + RPD
The previous discussion suggests that this is not the most optimal form for the functional which
measures the consistency of curves. Rather, it suggests that an alternative would be to use the curve
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which minimizes
f dxz.
This is an approximation to the first case, valid when f, is small. This suggests that if the difference
in orientation of the endpoints of the subjective contour is small, then the perception of the subjective
contour should be strong, while if the difference in orientation is large, the approximation is less valid
and the perception should be weak.
A forthcoming paper (Brady, Grimson and Langridge, 1980) investigates these questions in
more detail.
6.3 Relevance to the Human System
The initial intention was to develop a computational theory of the interpolation problem which
was valid for general mathematical situations. However, since the processes which provide the input
to the interpolation process are all parts of the human visual system, one must also consider the
relevance of the interpolation problem to the human visual system.
A method for constructing more complete representations than those given, for example, by
the Marr-Poggio stereo algorithm, has been developed. The question of whether the human system
constructs such a specific representation is now considered.
There are two ways of considering this question. The first is by asking what the representation
of the surfaces is used for, and whether such utilization requires a complete representation. Marr
and Nishihara (1978) view the 2.1-D sketch as an intermediate representation, combining information
about the visible surfaces from several independent sources. As such, it is used by higher level
processes to extract three-dimensional descriptions of objects, descriptions better suited to perceptual
tasks such as recognition. A complete specification could certainly aid the extraction of descriptions,
simply because it makes information explicit and hence easier to access. However, there is no com-
pelling evidence that such a representation is necessary for higher level processes. Thus, we must seek
evidence elsewhere.
The second way of considering the form of the representation in the human system is to test
it psychophysically. The issue here is basically how specific and explicit a representation is created.
Thus, in some sense, the output of the stereo algorithm cdnstitutes a complete representation of the
surfaces to within a particular resolution. The point of interest here is whether the human system
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Figure 6.4. A Sparse Random Dot Stereogram. Althought explicit disparity is only available at
the edges of the dots, a vivid impression of two planar surfaces is obtained.
requires and constructs a more specific, finer resolution representation of the surfaces.
6.3.1 Psychophysics
Although the question of one-dimensional interpolation of subjective contours has been studied
in the psychological literature, the question of two-dimensional interpolation of subjective surfaces
has had less attention. It would seem that this theoretical formulation of the problem may be precise
enough to be tested, and future work in investigating the psychophysical aspects of subjective surfaces
will be useful in substantiating the theory.
Some initial psychophysical evidence is available. Figure 6.4 illustrates a sparse, 5% density
random dot stercogram. The impression obtained upon viewing this stereogram is one of two distinct
planes, sharply separated in depth. Yet, by any theory, explicit disparity information is available only
along the edges of the dots, which cover a very small portion of the total area. Hence, it would seem
on the basis of this stereogram that some type of filling-in, or interpolation of surface information,
is taking place in the visual system. Particularly noteworthy in this case are the strong subjective
contours between the two planes.
The role of the filling-in process can be investigated in more detail by the method illustrated
in Figure 6.5. The object in this stercogram is a half cylinder, lying below a reference plane. The
density of the dots which lie on the cylinder fades gradually from 10% to zero in the center of the
image. In this manner, a gap is created in the cylinder, without any sharp changes in dot density (and
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Figure 6.5. The Half Cylinder. The top pair of images is a random dot stereogram otf a halt
cylinder. The bottom left figure shows the dot density used to create the stereogram. The bottom
right figure shows the depth values of a cross-section of the stereogram. The dotted lines indicate
the perception which would be expected for linear interpolation and tangential interpolation. The
actual perception is of a smooth cylinder.
thus without any suggestion of an object occluding the cylinder). The perception of this stereogram
obtained by most viewers is of a complete cylinder, thereby indicating again that some type of filling-
in is taking place. More interestingly, one can carefully test the attributes of the filling-in process by
inserting a stereoscopic probe into the center of the blank region. Three important observations are
/---
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made from this testing, and each relates to a possible form of the filling-in process. The first concerns
the case in which the interpolation of the surface is strictly linear between the known disparity values.
For the cylinder, this would correspond to a planar truncation of the cylinder, between the lowest
visible points, also indicated in the figure. Not only is this inconsistent with the perception of the
stereogram, but when a probe is inserted in the position corresponding to this situation, it is perceived
as lying above the surface of the cylinder. The second case is one in which the interpolation of the
surface is a linear extension of the tangents of the surface through the bottom-most visible points. For
the cylinder, this would correspond to the planar extension of the cylinder, terminating in a sharp
intersection of the planes, as indicated in the figure. Again, this is inconsistent with the perception of
the stereogram, and when a probe is inserted at this position, it is perceived to lie below the surface of
a now transparent cylinder. Thus, an upper and a lower bound on where the surface appears to lie has
been established. When the probe is placed in positions intermediate to the previous two, the situation
is less clear. For most such positions, the probe appears roughly to lie on the surface of the cylinder,
with the strongest perception for the case of the probe lying exactly on the cylinder.
The conclusion I draw from this experiment is that some type of interpolation, or filling-in, is
taking place, but that it seems to be rather imprecise, although it does seem roughly to preserve the
curvature of the object involved. Note that in the case of the linear extension of the disparities and in
the case of the tangential extension of the disparities, both of which were seen to be incorrect, such
extensions introduce sharp discontinuities in the surface orientation of the surface. This is consistent
with the theorems relating surface shape and zero-crossings. In particular, since there are no explicit
zero-crossings within the gap in the cylinder, no surface which would introduce surface inflections is
acceptable, because of the probability of that surface requiring additional zero-crossings.
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CHAPTER 7
CONSTRAINED OPTIMIZATION
In the previous section, a computational problem was derived. It stated that to each possible
surface which interpolated the known data, a real number could be assigned via a functional O. This
functional measured the consistency of the surface with re, :ect to the zero-crossings of the convolved
image - the smaller the value, the less inconsistent the surface. In this manner, the least inconsistent
surface is that which minimizes this functional.
A set of mathematical conditions were also outlined. These were imposed on the functional, in
order to ensure that the problem was well defined. In particular, the functional was required to be
a particular type of semi-norm and the space of all possible functions was required to be a Hilbert
space. In this chapter, the problem of creating an explicit algorithm to solve this computational
problem is considered. There are two distinct classes of methods which could be used - global and
local. Before outlining possible methods, the type of method best suited to this problem will be
considered.
7.1 The Role of Algorithmic Criteria
As mentioned in the first chapter, an essential problem for any computational theory is to
determine the implicit assumptions used by the visual system to perform the computation. Such
assumptions are valid assumptions about the environment which are explicitly incorporated into the
computation. Ullman's rigidity assumption in visual motion perception (1979), Marr and Hildreth's
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condition of linear variation and spatial coincidence assumption (1979), and Marr and Poggio's as-
sumptions of uniqueness and continuity (1979) are three examples. Such assumptions help to con-
strain the computational theory. As such they may be considered as computational constraints on the
problem.
There is a second set of criteria which may be applied to any theory and, more importantly,
to any algorithm for a theory. These deal with the requirement of biological feasibility, and are
important if one is to describe a model of the human system. They will be termed algorithmic criteria.
Ullman (1979b) has listed a number of such criteria which should apply to any biologically feasible
algorithm. A similar set is briefly sketched here.
Rapidity
In most circumstances, both for humans and for machines, a visual system serves as a major
input device to a problem solving system that must interact with its environment. This makes it
critical that it perform its computations as rapidly as possible.
Parallelism
The need to process large amounts of input data in short amounts of time implies the use of
computations which can be implemented in a parallel manner, using a large number of intercon-
nected processors.
Local-Support
If the number of processors involved in the computation is large, it becomes infeasible to con-
nect each one to all of the others. Rather, there should only be local connections between
the processors. Here, "local" means not only that the number of connections be small, but
also that since the information being processed has as an underlying coordinate system, a two-
dimensional plane, the connections should also be local in a spatial sense. If the support of a
function, defined on a two-dimensional grid, is the set of points on the grid which contribute
in a non-trivial manner to the computation of the function, then our requirement is that the
processors implementing our computation must have local support.
Simplicity
The next requirement concerns the complexity of the individual processors. If the computation
can be made local only at the expense of requiring each processor to compute some complex
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function requiring a long time interval to complete, then this is not desirable. Although the
method of implementation will affect the amount of time needed to perform a computation,
in general, we shall favour processes in which each individual processor performs a simple com-
putation. Note that the global computation performed by the parallel network may be complex;
it is only necessary that the individual processors be simple.
One final consideration, though not as critical as the first four, concerns the unifomnity of the
processors. If it is possible, an algorithm which utilizes parallel networks of identical processors will be
favored over other algorithms. However, such a requirement is not crucial.
Although the original motivation for such requirements on the algorithm arises from considera-
tion of the human visual system, and requirements of biological feasability, they could apply equally
well to other types of image processing systems. As such, they are taken as general criteria for the
computations to be investigated, regardless of whether the algorithm designed serves as a model of the
human system. So in designing algorithms to solve a particular visual process, the first step is to seek a
method that solves the problem. Having done so, one can then consider its applicability in light of the
criteria outlined above, and possible modifications to the algorithm in order to satisfy those criteria.
7.2 Methods of Solution
In this section, several possible methods of solution will be outlined, before considering a par-
ticular algorithm appropriate to the computational problem. The review article of Schumaker (1976)
contains more information about possible methods of solving the interpolation and approximation
problems.
Many of the methods studied in the literature are global methods, where the value of the surface
at any point depends all the known values. The discussion above implies that local methods, where
the value of the surface at any point depends only on the nearby known points, are of particular
interest. In general, global interpolation methods can be made local by partitioning the domain D into
subdomains and patching together the interpolation functions for each subdomain. That is, to define
the surface function f, one defines the surface in local patches, fi over the subdomain Di.
Note also that many of the methods for interpolation which are to be found in the literature
require regular grids of known data points. Clearly, the Marr-Poggio algorithm, as well as other
visual processes, such as Ullman's structure from motion, supplies data at scattered points. Hence, the
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concentration will be on methods applicable to such data. However, note that there is the possibility
of a two stage process - a first stage to construct a surface g based on the scattered data, and then a
second stage using the regular data of g for the construction of a smoother surface f.
7.2.1 Partitions
The most common subdomains for defining surface patches are rectangles (for gridded data)
and triangles (for scattered data). When dealing with scattered data, one must consider methods for
triangulating the domain into subdomains. The major problem with irregular or scattered data is that
the triangularization of the field is a difficult problem. Moreover, the triangularization is not unique
and in many cases (such as this) it is difficult to avoid long, thin triangles, which are poorly suited
for interpolation. Some algorithms for triangularization are given in Cavendish (1974) and Lawson
(1972).
7.2.2 Piecewise Linear Interpolation
The simplest method for defining a local interpolating surface is to construct each surface patch
fi(z, y) to be of the form at + a2z + a3y. The data at the corners of the triangle are sufficient
to determine the coefficients for that piece of f. This results in a piecewise linear surface which is
globally continuous. The major problem with this method is that no higher order smoothness will be
attained. Thus, along each side of a triangle, the resulting surface will be discontinuous in first and all
higher order derivatives. This is clearly unacceptable for this situation.
Examples of the use of this method for data fitting can be found in Lawson (1972) and Whitten
and Koelling (1974).
7.2.3 Polynomial Interpolation
The theory of finite dimensional interpolation is well known (for example, see Davis, 1963.) In
general, it works as follows:
Let {i} N be a set of N functions on a domainD. Then
N
wf(, y) = E a do ly(, y)
will satisfy the constraints f(zxi, yi) = Fi, i = I,..., N if and only if {a.}I is a solution of the linearIsaslto ftelna
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system
N
aj(y, y) = F i = 1, ..., N,j=1
which has a unique solution if and only if it is nonsingular.
Standard choices for the Oj are polynomials in z, y. Problems with such a choice include
guaranteeing that the system is nonsingular, or even when it is, guaranteeing that it is not ill-
conditioned, and the fact that polynomials tend to exhibit a considerable oscillatory behaviour, yield-
ing unacceptable undulating surfaces, likely to introduce inflections in the image intensities inconsis-
tent with the zero-crossings.
In general, polynomial interpolation has not been applied to scattered data. Some treatment,
however, can be found, for example in Ciarlet and Raviart (1971, 1972a, 1972b, 1972c), Guenther and
Roetman (1970), Kunz (1957), Prenter (1975), Steffensen (1927), Thacher (1960), Thacher and Milne
(1960), and Whaples (1958).
Polynomial interpolation is somewhat simplified, in the case of known data on a grid. By this,
the following is meant. LetH be the rectangle [a, b] x [c, d] and let
a= zo<z1<...<zk+-=b
a c=•o l < ... <  +1 =d
Let F be defined on H and let the known values be
Fi= F(zi,yj) i= 0,...,k+1 j=0,...,1+1.
As noted, however, gridded data is only applicable in a two-stage process. Gridded polynomial fitting
has been well studied in the literature, see for example, Prenter (1975) or Steffensen (1927).
If we do not require that the surface exactly interpolate the known data, but only approximate it,
then the polynomial method may be extended to that of polynomial least squares fitting.
The general theory of discrete least-squares fitting is very well known. To review, suppose that
n{ } are n given functions on D. Let
i=-1 j=1--
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where a = (al,..., a,)T is an arbitrary vector in R'. The problem is to find an a' such that
4(a') = min •(a).
Then
AX, Y)= a 4j(x, y)
j=I
is the discrete least-squares approximation of {F})N. Usually, n < N.
There are several methods for solving this problem. For example, if the ({0}j are orthonormal
relative to the inner product
N
(0, a) = 1 (, uy)0(, y,)
i=1l
then the solution is given by
f(z, y) = FjO(zx, y).
j=1
One can also solve this problem by using normal equations or by using general matrix methods on
Aa = F, where
F =(FI,..., F) T
A =(O(i, Yi))
Polynomial discrete least-squares fitting has been widely studied for scattered data. For example, see
Cadwell and Williams (1962), Crain and Bhattacharyya (1967), Whitten (1970, 1972).
Polynomial least squares methods can be considered as multi-dimensional regression (see
Effroymson, 1960).
The method of weighted least squares can also be used. In this case, rather than using the
function D, one uses
a 2
where a = (a,,..., a,)T is an arbitrary vector in Rn . The problem is again to find an a' such that
D(a') = min 4(a).
a
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Then
f(z, y) = a', (x, y)
j=--1
is the discrete least-squares approximation of {Fi} , (Pelto, Elkins and Boyd, 1968).
Since discrete least-squares fitting can be carried out with any finite set of functions, many
authors have used tensor products of splines (Hayes and Halliday 1974, Whitten 1971).
Also, rather than using least-squares fitting, one can use 4j or t, approximation. In other words,
given {'k} ' defined on D, the vector a' is sought such that
N n
i=1 j-1
is minimized or such that
D(a)= max Z :(., yi) - F
is minimized. Both of these approximations can be solved as linear programming problems (Rabinowitz
1968, 1970, Rosen 1971).
All of the above discussion applies to the general global case. In the local case, if functions
{j(z, y~)}I are constructed with the property that
j(, y) = b i, j = 1,..., N,
then these functions can be constructed as pyramids in such a way that the function Oj has support
only on the triangles surrounding the data point (xi, yi). These functions are usually referred to as
l.agrangian functions.
The Lagrangian approach to local interpolation is similar to the finite element method, which is
concerned with the solution of an operator equation in the form of a linear combination of a set of
functions (called elements) with the above property. The fimnctions need not be restricted to polyno-
mials, but may be rational functions or more complicated functions. In fact, it is possible to construct
Lagrangian functions (or elements) with small support but higher global smoothness.
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There are a great many papers in the finite-element literature concerned with defining con-
venient smooth elements. Included are the books of Aziz (1972), de Boor (1975), Strang and Fix
(1973), Whiteman (1973), and the papers of Barnhill, Birkhoff and Gordon (1973), Barnhill and
Gregory (1972, 1975), Barnhill and Mansfield (1974), Birkhoff and Mansfield (1974), Bramble and
Zlamal (1970), Goel (1968), Hall (1969), Mitchell (1973), Mitchell and Phillips (1972), Nicolaidis
(1972, 1973), Zenisek (1970), Zienkiewicz (1970), Zlamal (1968, 1970, 1974).
It should be noted that the construction of elements with higher-order smoothness becomes
increasingly difficult. For example, Mansfield (1976) notes that to get an element with support on a
triangle and achieve global continuity, it is necessary to use polynomials of degree at least 5. Akima
(1978) gives an algorithm for accomplishing this.
7.2.4 Shepard's Method
Shepard (1968) has developed a method specifically intended for the case of scattered data. In
brief, the method consists of the following.
Let p be a metric in the plane. Given a point (z, y), let
r' = p((z, y), (zi, Yi)) i = 1, ... , N.
Let 0 < A < oo. Then Shepard's interpolation formula is given by:
fEN, ,)_=l = i_/, 1 if all ri 34 0,
,Fi, if some ri = 0.
To determine the value of the surface at a point, this method essentially weights all the data points
according to their distance from that point.
The problem with Shepard's method is that it is very sensitive to the value of A. For 0 < __ <
1, the surface f has cusps at the data points. For I < p, f has flat spots at the data points. Thus, to
avoid cusps, one needs 1 < A. But if A is relatively large, then the surface is very flat near the data
points, and very steep in between. In this situation this is undesirable. Note that the usual value for A
is 2 (see Poeppelmcir, 1975 and Shepard, 1968).
Two other problems with Shepard's method are first, if N is large, a great deal of calculation is
required to compute the surface, and second, the weights are based on distance, but not on direction,
although this can be corrected (Shepard, 1968).
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Of course, this method is a global one. Shepard modifies the method to make it local in the
following manner.
Fix 0 < R, and define
- O < r < ,
(r) < r 1 <r R,
0, R < r.
This function is continuously differentiable, and vanishes identically for f > R. Now define
f(z, y) = i=Fi [i. (r1)1, if all ri 3 0,
lFi, if some ri = 0.
This function interpolates the values Fj at the data points, and elsewhere the values are weighted
averages of the data values which lie at points within a distance R of the point.
7.2.5 Quasi-interpolants
One way of creating local methods of interpolation and approximation is to apply global
methods of small partitions of the domain. There are also direct local methods which construct an
approximate surface without solving a system of equations.
Let 9F be a linear space of functions on D, and {Xi}1 be a set of linear functionals on V. Let
{04i}) be a prescribed set of functions on D. Then we are interested in approximation schemes of the
form:
N
QF(z, y) = TXiFji(Z, y).
i=1i•---l
This is a surface fitting problem, where the data are given by Fi = X•F for i = 1,..., N. If the
Oi have support on small subsets of D, and if each Xi has support on the same set, then the above
computation is local. For example, if we let Xi be point evaluation at (zi, yi) and bi(z, y) be a
function with support in a neighbourhood of (zx, yi) then the approximation formula is given by
NQF(z, y) = - Fi(z, y).
i=1
This is similar to the Lagrange form of interpolation, but unless the Oi satisfy Oj(zx, yi) = 6ij, QF
will not be an interpolant. As a consequence, they are called q~rasi-intcrpolants. The main problem
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with this method involves a careful choice of ({i}N in order to ensure appropriate accuracy and
smoothness. Usually this excludes cases of scattered data. For an example of this method, see Lyche
and Schumaker (1975).
Other examples of local approximation schemes include Babuska (1970), de Boor and Fix
(1973), Fix and Strang (1969), Fredrickson (1971).
7.2.6 Spline Interpolation
Let X be a linear space of "smooth" functions defined on the domain D. Let
U = (f E X:f(, y) = Fi, = 1,..., N}
so that U is the set of smooth functions which interpolate the data. Now let ( be a functional on X
which measures the smoothness of a function f E X - the smaller E(f) is, the smoother f is.
Consider the minimization problem of finding a G U such that O(s) = inf,,u e(u), assum-
ing that such an s exists. Then s will be the "smoothest" interpolant, and in view of the similarity
with classical spline approximation, s is called a spline function interpolating F. For a general theory
of spline interpolation, see Laurent (1972). The general method used in solving such minimization
problems globally is to define a functional 9, frequently as a pseudo-norm, and then to construct a
reproducing kernel K on D x D, so that the surface is explicitly given by the form
N d
s(x, y) = aiK((z, y); (xi, yi)) + bipi(x, y)
i=1 i=I
where the Pi are a basis for the null space of the norm. The coefficients {ai} and {bi} can be deter-
mined by solving a system of linear equations. Examples of this method include Atteia (1966a, 1966b,
1970), Duchon (1975, 1976), Mansfield (1971, 1972a, 1972b, 1974), Schaback (1973, 1974), Thomann
(1970a, 1970b).
Spline approximation over gridded data has been extensively studied, with a wide body of
literature. Here, the general method is to use the product of B-splines over each rectangular surface
patch, together with a set of boundary conditions. Most common is bicubic spline interpolation.
Examples include Ahlberg, Nilson and Walsh (1965, 1967), Birkhoffand de Boor (1965), Birkhoff and
Garabedian (1960), de Boor (1962), Koelling and Whitten (1973), Spath (1969) and Theilheimer and
Starkweather (19619).
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Many generalizations of the spline problem have been investigated. Some of the methods in-
clude Arthur (1974, 1975), Birkhoff, Schultz and Varga (1968), de Boor (1973), Delvos (1975a, 1975b),
Delvos and Schempp (1975), Delvos and Schlosser (1974), Fisher and Jerome (1974, 1975), Haussman
(1974), Haussman and Munch (9173), Manteanu (1973a, 1973b), Nielson (1970, 1973), Ritter (1969,
1970), Sard (1973, 1974), Schultz (1969a, 1969b), Spath (1971) and Zavialov (1973, 1974a, 1974b).
If we do not require exact interpolation, but only surface approximation, spline methods are also
applicable.
Let X be a linear space of "smooth" functions, and 8 be a functional on X that measures the
smoothness of an element in X. Let E be a functional on X which measures how well a function fits
the data. Then the problem is to find s E X such that
p(s) = inf p(u)
uEX
where
p(f) = O(f) + E(f),
if such an s exists. As in the case of spline interpolation, the general theory of spline approximation
may be found in Laurent (1972). The methods used to find solutions to this problem globally are
similar to those used to solve the global spline interpolation problem - constructing a reproducing
kernel and solving a system of linear equations to determine the coefficients of the resulting equa-
tion for the surface. Examples of this method include Duchon (1975, 1976) and Pivovarova and
Puknacheva (1975).
Local spline interpolation has been widely used, (Birkhoff and de Boor, 1965; Birkhoff and
Garabedian, 1960; de Boor, 1962; Ahlberg, Nilson and Walsh, 1967; Whitten and Koelling, 1974;
Arthur, 1974, 1975; Birkhoff, Schultz and Varga, 1968; Delvos, 1975; Delvos and Kosters, 1975;
Schultz, 1969a, 1969b; and many more). In general, given a partition of the domain into regions
(defined by a set of knots), a spline function is a collection of functions, each defined on a different
portion of the partition, which are pieced together to form the surface and which have continuous
derivatives up to some order r. A standard example of a one-dimensional spline is the cubic spline,
in which the individual functions are cubic polynomials, arid the functions have identical zeroth, first
and second order derivatives at the knots. In two dimensions, one can use the product of cubic splines,
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known as bicubic splines. There are, of course, many other possible functions which can be used
besides cubics.
There are a number of problems associated with using splines. The first case concerns the use of
interpolating splines, in which the knots are chosen to be the known data points. In order to compute
such splines, it is necessary to know the directions of the tangents of the surface at the extreme points.
This may not always be possible. As well, if the data are noisy, the interpolating splines usually show
strong oscillations, which are not acceptable.
One way around this problem is to chose a partition in which the knots are variable, rather than
fixed at the known points. Ideally, one would like to leave them as free parameters to be chosen
during an optimization problem. However, this turns out to be a very unpleasant mathematical and
computational problem. Whereas the curve fitting problem is linear for fixed knots, the case of vari-
able knots is nonlinear. There are local descent methods for finding the curve iteratively. However,
the computational effort required for splines of higher order than linear is prohibitive. (For a further
discussion of the use of spline approximations and its problems, see Pavlidis, 1977.)
One final comment about the use of splines concerns the idea of spline blending. These methods
are used for constructing surfaces in the case of gridded data. They interpolate not only function
values at isolated points, but also along the grid lines themselves. Of course, in our situation, the
fact that we are given scattered data makes such methods of little use. Examples of this method
include Coons (1967), Barnhill and Rcisenfeld (1974) (including many references), Earnshaw and
Yuille (1971), Forrest (1972a, 1972b), Ferguson (1964) and Hosaka (1969).
7.3 Mathematical Programming
Of the various possible local methods of solution outlined, most of them seem unsuited to our
particular problem, either because of requirements on the form of the input (gridded data) or because
the methods do not satisfy the criteria of biological feasibility. There is one other method of solution,
the method of nonlinear programming. This method is chosen to be applied to our problem, in part
because the problem is viewed as one of constrained optimization. Ullman (1979b) has shown that
many problems of relaxation and constrained optimization can be solved by local processes of a type
suitable to meet the algorithmic criteria. Indeed, a method very similar to that outlined here was used
by Ullman in solving the motion correspondence problem (Ullman, 1979a). However, the difference
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between the computational theory and the algorithm for solving it is again stressed. Although a par-
ticular algorithm for solving the computational theory is illustrated in this chapter, there may be many
other possible methods of solution. Some will be better suited to certain purposes than others. This
does not reflect, however, on the relevance of the computational theory, which holds true independent
of the particular algorithm used to implement it.
Briefly, the relevant aspects of nonlinear programming are outlined (for a more complete
developement, see for example Luenberger, 1973), and then applied to the interpolation of surfaces.
Two results will be relied upon. the Kuhn-Tucker theorem states that under certain conditions,
finding a constrained optimum is equivalent to finding the saddle-point of an associated Lagrangian.
The Arrow-Hurwicz system of equations then shows that finding the saddle-pont of a Lagrangian can
be accomplished by a system of equations which meets our set of algorithmic constraints.
7.3.1 Nonlinear Programming
The general nonlinear programming problem is of the following form. Let x be an n-vector,
x = {zi, z2,.. ., zn}, g(x) be an p-vector, g(x) = {gj(x), ... , g,(x)}, and h be an m-vector, h(x) =
{hi(x),..., h,,(x)}.. Let f(x) be any function. The problem is then:
minimize f(x)
subject to h(x) = 0, g(x) < 0.
The problem of finding the vector x' which maximizes f(x) subject to these constraints h, g is known
as a problem of constrained optimization.
Some definitions will aid the discussion that follows. If f is a function with continuous first
partial derivatives, the gradient of f is the vector
V [af(x) Of x
If f has continuous second partial derivatives, the Hessian of f at x is the n X n matrix denoted
V2f(x) or F(x) and defined as
F(x) = ].
For a vector-valued function, f = (fi,..., fi) the first derivative is defined as the m X n matrix
Vf(x)- L 8 .(IoiJ*
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If f has continuous second partial derivatives, it is possible to define the m Hessians F (x),..., Fm(x)
corresponding to the m component functions.
Also, given any X = [Xi,..., X,] the real-valued function Xf has gradient equal to XVf(x) and
Hessian, denoted XF(x), equal to
XF(x) = ~ iFi(x).
A point x that satisfies all the constraints is said to be feasible. If additionally g(x) < O, it is said
to be strictly feasible. An inequality constraint gi(x) < 0 is said to be active at a feasible point x if
gi(x) = 0.
Let x' be a point satisfying the constraints
h(x') = 0, g(x') < 0
and let J be the set of indices j for which gj(x') = 0. Then x' is said to be a regular point of the
constraints if the gradient vectors Vhi(x'), Vgj(x'), 1 < i < m, j E J are linearly independent.
Consider first the first-order necessary conditions for a point to be a local minimum point sub-
ject to the constraints. (For a proof, and further development see Kuhn and Tucker, 1951: Arrow,
Hurwicz and Uzawa, 1958; or Luenberger, 1973.)
Theorem (Kuhn-Tucker Conditions): Let x' be a relative minimum point for the problem:
minimize f(x)
subject to h(x) = 0, g(x) < 0
and suppose x' is a regular point for the constraints. Then there is a vector X E Em and a vector
E= Ep, with u 0 such that
Vf(x') + XVh(x') + pVg(x') = 0
g('x') = 0,
where XVh(x') is the scalar product of the two vectors. I
The vectors X and u are usually called Lagrangian multipliers. It is convenient to introduce the
Lagrangian associated with the constrained problem, defined as
1(X, X, , ) = f(x) + Xh(x) + Ag(x).
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The necessary conditions can then be expressed in the form
Vxl(x, X, J) = 0
V&l(x, X, J) = 0
Vl (x, X,J) = 0
the last two of these being simply a restatement of the constraints.
One can also develop necessary and sufficient second order conditions on the problem.
Second-Order Necessary Conditions. Suppose the functions f, g, h have continuous second par-
tial derivatives and that x' is a regular point of the constraints. If x' is a relative minimum point for the
problem, then there is a X E Em, i E Ep, kL > 0 such that
Vf(x') + XVh(x') + p&Vg(x') = 0
Ag(x') = 0,
hold and such that
L(x') = F(x') + XH(x') + pG(x')
is positive semidelinite on the tangent subspace of the active constraints at x'. I
Second-Order Sufficiency Conditions. Let f, g, h have continuous second partial derivatives.
Sufficient conditions that a point x' satisfying the constraints be a strict relative minimumn point of the
problem is that there exist X E E,, A E6 Ep such that
Ag(x') = 0
Vf(x') + XVh(x') + pJVg((x') = 0
and the Hessian matrix
L(x') = F(x') + XH(x') + pG(x')
is positive definite on the subspace
M' = {y:Vh(x')y = 0, Vgj(x')y = 0 for all j E J}
where
J = (j:gj(x') = O, , > 0}.
I
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7.3.2 The Arrow-Hurwicz Gradient Method
The main point about the Kuhn-Tucker conditions is that they relate the solution of a con-
strained optimization problem to the position of a saddle-point of the associated Lagrangian. As a
result, it may be possible to consider methods for computing this optimum solution.
There are many methods for finding solutions to constrained optimization problems. In order to
find one that meets the criteria of local-support, one may take advantage of the particular form of the
function to be optimized. In particular, let
1(x, A) = f(x) + /,g(x)
be the Lagrangian associated with a constrained optimization problem involving only inequality con-
straints. Consider the system of difference equations defined by
x(t + 1) = max [0, x(t) - pVxl(x(t), p(t))]
p(t + 1) = max [0, y(t) + pV,l1(x(t), p(t))]
with an initial position {x(0), kz(O)} such that
x(0) > 0, y(O) > ,
where p is a given positive number, and Vxl, Vl are the partial derivatives of I with respect to x and
,4, respectively:
VxI(x, A) = Vxf(x) + j.Vx(x)
VA(x, A) = g(x)
Such a system will be defined to be *-stable if the following condition is satisfied:
For any initial position {x(O), A(0)} ' 0 and any positive number e > 0, there exists a positive
number Po > 0 such that, for the solution {x(t), A(t)} of this system with p < po, there is an integer to
with the properties
V[x(t + ), A(t + 1)] < V[x(t),(t)], O < t < to,
and
V[x(t), (t)] < t 1 > to,
where
V(x, A) = min{ Ix - x'12 + IA -• '/2 }
The minimization is over the set ofall .' such that (x', .') is a saddle-point ofl (x, A) for some x'.
THE ONE-DIMENSIONAL CASE
A function f on a convex set £2 is defined to be convex if, for every xt, x2 E 12 and every
a, O < a < 1, there holds
f(axi + (1 - a)x2 < af(xi + (1 - a)f(x2).
If, for every 0 < a < 1 and x1 - x2, there holds
f(axt + (1 - a)x2 < af(x + (1 - a)f(x2),
then f is said to be strictly convex. One can then prove the following theorem, which describes a
method for computing the optimum vector, based on the Kuhn-Tucker conditions.
Theorem (Arrow-Hurwicz): Suppose that
(a) f(x), 91(x),..., gp(x) are convex functions in x > 0 and have continuous partial derivatives,
(b) there is a feasible vector x0,
(c) f is strictly convex in x.
Then the Arrow-Hurwicz system of difference equations for the problem of minimizing f(x) subject to
the conditions g(x) < 0, is *-stable. (For a proof, see Arrow and Hurwicz, 1956; Arrow, Hurwicz and
Uzawa 1958). 1
This theorem, together with the Kuhn-Tucker theorem, indicates that to find an optimum vector
for the constrained optimization problem, one need only find a saddle-point of the Lagrangian, via
the Arrow-Hurwicz system of equations. Further, Uzawa states that condition (c) implies that the
optimum solution is uniquely determined. Thus, by using these two theorems, and the statement of
the interpolation problem, a basis for an algorithm is formed. However, I stress again the fact that
this method of implementation is independent of the particular form of the semi-norm e, and gives a
general method for implementing any such semi-norm.
7.4 The One-Dimensional Case
To illustrate the method, we return to the example of interpolating cylindrical surfaces. The
problem is:
Minimize f fa dz
THE ONE-DIMENSIONAL CASE
subject to the constraints that the surface pass through a given set of points.
A number of observations about this particular problem are important:
(1) The computation takes place on a uniform grid, rather than continuously. Thus, the variables
of the computation are the surface values at the grid points. These variables are defined as
fi = f(zi). As a consequence, the integral in the semi-norm becomes a finite sum. In addition,
the derivative operator must be converted to a finite difference.
f..(xi) = f(i-1) - 2f(Zx) + f(zi+t)
= A-I- 2f1 +A+t.
(2) The minimization of
{f Id}
is equivalent to the minimization of /f fdz
so that the square root may be removed.
These factors combine to redefine the problem as:
Minimize E.-- (fi-I - 2fi + i1)2.
The constraints on the problem are as follows. For some set S of grid points, the depth is known,
and the surface should pass through these points. This condition may be relaxed slightly, by only
requiring that the surface pass near those points, that is:
ifA - cil < e
or
-- (fi-c 1) <0 Vi E S.
e - (c1 - fA) < 0
where the ci are the known depth values.
There are two reasons for this relaxation of the boundary conditions. One is that the stereo
program only gives disparities to within a certain degree of accuracy. (Currently, this is one pixel. See
the discussion for possible improvements.) Thus, one should not expect the surface to pass exactly
through the points, but rather, it should pass within some distance e of the points. The second reason
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is that there may be some noise in the stereo output, (i.e. there may be some points assigned incorrect
matches, and thus incorrect disparities.) By only requiring that the surface pass near the known depth
points, the effects of such noise on the surface are diminished somewhat.
The Lagrangian for this problem is given by:
n-1 + fi+ 1)2 +,Pi. Ci
i=1 iES
The partial derivatives of 1 are:
2fo - 4A + 2f2 + a i = 0
-4fo + 10f - 8f2 + 2f3 + a i = 1
fi = 2fi-2 - 8Ai-1• 12A - 8Ai+1 + 2fi2 + a 2 < i < n-2
2fn-3 - 8fn-2 + 10fn-1 - 4fn + a i - n- 1
2fn-2 - 4fn-1 + 2fn + a i = n
where
a=
0 i -' S
Similarly
S= E - Ai + Ci
Thus, the system of Arrow-Hurwicz equations becomes:
fi(t + 1) = max [0, fi(t) - pl,(f(t), (t))]
Mi(t + 1) = max [0, ui(t) + plj,(f(t), A(t))]
¼ (t -1 1) = max [0, gi(t) + pl (f(t), O (t))]
with the partial derivatives If,, lu,,, 1, as given above.
7.5 The Two-Dimensional Case
For the two-dimensional case, consider the problem of:
Minimize f f ( + 2f + f)dzd
subject to the constraints that the surface pass within some distance of a given set of points. As in the
one-dimensional case, the computation may be reduced to:
THE TWO-DIMENSIONAL CASE
Minimize f f (fi + 2f2 + f2 dzdy
and applies to a discrete grid. As a consequence, it is necessary to convert to a discrete equivalent of
the differential operators. For ease of representation, the operators are shown as the set of coefficients
as they would appear over the grid points of the uniform grid. (Zeros are assumed for all points
without a coefficient.)
One discrete equivalent off x is given by:
1 -2 1
and is denoted f3,.
One discrete equivalent of fy is given by:
1
-2
1
and is denoted fP,.
One discrete equivalent of f• is given by:
000
0-
and is denoted f•?.
IfS = {((, y) I f(x, y) is known }, then the Lagrangian for the two-dimensional case is:
1(f, ,) = {(7 )2 + 2(fx) + (ft)2}
i j
(i,j)-S
Now the partial derivatives of I are given as follows.
(1) Along the outermost rows and columns, the following are computed.
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(a) In the corners, use operators of the following form. For the lower left corner, the coefficients
are:
1 0 1
-4 0 0
4k+a -4 1j
For the other corners, appropriately rotated versions of this operator are used.
(b) For the elements one removed from the corner, use operators of the following form. For the
lower left corner, the coefficients are:
17 0 j
-8 0 0
12k +a -4 1I
-4 0 0
For the other locations, appropriately rotated versions of this operator are used.
(c) Elsewhere along the outermost rows and columns use operators of the following form. For
the left column, the coefficients are:
17 0 0
-8 0 0
14k+a -4 11
-8 0 0
l4 0 k
For the other outermost rows and columns, appropriately rotated versions of this operator are used.
(2) Along the second outermost rows and columns, the following are computed.
(a) In the corners, use operators of the following form. For the lower left corner, the coefficients
are:
0 1k 0 k
0 -8 0 0
-4 20 +a -8 11
0 -4 0 0
For the other corners, appropriately rotated versions of this operator are used.
THE TWO-DIMENSIONAL CASE
(b) Elsewhere, along the second rows and columns, use operators of the following form. For the
lower left corner, the coefficients are:
o 01 
0 -8 0 0
-4 22 +a -8 1j
0 -8 0 0
o li o
For the other second outermost rows and columns, appropriately rotated versions of the this operator
are used.
(3) Elsewhere, the coefficients of the operator are given by:
k o 10 o 0
0 0 -8 0 0
1J -8 24 +a -8 1j
0 0 -8 0 0
S 0 1 0 j
The variable a is given by
0 (i, j) S
Finally, the partial derivatives with respect to the Lagrangian variables are given by:
,ij - e -= + ij
Thus, an Arrow-Hurwicz system of equations has been defined for the value fij of the surface at
the grid points, with Lagrangian constraint variables uij, uiý at the known depth points. Provided the
step size p is small enough, this system is guaranteed to converge. Moreover, in the case of f being
strictly convex, the system has a unique solution, (Arrow, Hurwicz and Uzawa, 1958).
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CHAPTER 8
THE INTERPOLATION ALGORITHM
In the previous chapter, the Arrow-Hurwicz method for constrained optima was outlined. We
can now turn to the design of an explicit algorithm to perform the interpolation of surfaces, over a
uniform grid.
We stated the form of semi-norm to use:
I + 2fn, +f iy,) dzdy} .
For this particular semi-norm, the steps run as follows.
(0) Determine the starting position for the iteration.
(1) Convolve the current approximation of the surface
mask given by
0
o 0
41a -8
0 0
o 0
12
-8
241
-8
(except for the two outermost rows) with a
0
0
-8
0
0
Set the outer row by convolving with corner masks of the form
(f) = {
THE INTERPOLATION ALGORITHM
1i 0
-4 0 0
4k -4 1k
and its equivalent forms; by using, for elements one removed from the corner, masks of the form
17 0 k9 o
-8 0 0
12k -4 1l
-4 0 0
and its equivalent forms; and by using, elsewhere along the outermost rows, masks of the form
g1 0
-8 0 0
141 -4 11
-8 0 0
lS 0 1
and its equivalent forms.
Set the second row by convolving with the corner masks of the form
0 o0
0 -8 0
-4 20J -8 1i
0 -4 0
and its equivalent forms; and by using, clsewhere along the row, masks of the form
0 1k 0 k
0 -8 0 0
-4 224 -8 1)
0 -8 0 0
0 I 0 o
and its equivalent forms.
(2) To the convolved values from step (1), add the values ýj - gij at the known depth points,
(i, j)G S.
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(3) Scale the entire grid of convolved values from step (2) by the unit step size p.
(4) Add the scaled convolution values of step (3) to the current approximation of the surface.
(5) Threshold the values obtained in step (4), in order to remove any negative entries and replace
them with 0.
This completes the process of updating the approximation of the surface at the grid points. To
update the Lagrangian multipliers Aij, A.ij, the following steps are performed.
(6) For each known grid point, (i, j) E S, compute:
I, = e - fij + cA
(7) Scale the values obtained in step 6 by the unit step size p and subtract from the current values of
the multipliers /iij,ti ij.
(8) Threshold the values obtained in step (7), in order to remove any negative entries and replace
them with 0.
Having created an explicit algorithm, one can now consider how well it fits the algorithmic
criteria and how well the results of applying it meet the computational constraints. The algorithmic
criteria are considered first.
Parallel: Clearly, the repetitive structure of the computation allows for a straightforward parallel
implementation, composed of simple processors positioned at each grid point. This is one of the most
important algorithmic constraints, since it allows the computation to be performed very quickly.
Simple: Given a parallel implementation, it is clear that the operations performed at each point
of the grid, involving only a few additions and multiplications, are very simple.
Uniform: Given a parallel implementation of the computation, consider the computations per-
formed by each individual processor. Except for the edges of the image, the processes are almost
identical for each grid point. The only difference is the extra addition performed at grid points
corresponding to known depth points.
Local-support: This is one of the strongest requirements of the algorithm, since it reduces
the amount of communication, and hence the number of connections, needed by each processor.
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The proposed algorithm clearly satisfies this constraint, since each processor must access at most 14
different values, which are all localized spatially on the grid about the processor.
Rapid: The main factor in determining the rapidity of an algorithm is the speed at which a
reasonable approximation of the surface may be extracted. Since the process is iterative, a major
factor contributing to the speed of the algorithm is the rate of convergence of the iteration. This is
particularly true in this case, since the cost of an individual step may be regarded as small; that is, the
time needed to perform additions and multiplications is small.
The rate of convergence of the iteration is usually defined as the rate at which the iteration
moves from a given initial position to its next position. While this will determine the rate at which the
iteration converges, it does not exactly account for the factor of interest, namely, how long does it take
the algorithm converge to an acceptable approximation of the surface?
Tthe speed at which the algorithm attains a reasonable surface approximation is critically de-
pendent on both the initial starting position and the unit step size p, which determines the rate of
convergence. To illustrate the effect of these factors on the speed of the algorithm, a one-dimensional
example of interpolation is considered. For this example, there are four known depth points, at
z = 0, 3, 7, 10.
Perhaps the most critical factor affecting the speed of the algorithm is the initial position. To
illustrate this, two cases are considered. In the first, the starting position for the iteration is found by
setting the surface to the known depth values at those grid points where such values occur, and by
setting the surface to 0 elsewhere. For a step size of p = 0.05 and a constraint parameter ofe = 0.05
the state of the algorithm after various iterations is illustrated in Figure 8.1.
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Figure 8.1. Intcrpolation from Zeroed Starting Position. The top figure shows the initial
starting position for the surface, and the lower figures show the surface approximations after
25, 50, 75, 100, 200, 400 and 800 iterations.
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Several observations are noteworthy. The first is that the number of iterations required to con-
verge to within some reasonable distance of the limiting surface (the surface to which the algorithm
tends as the number of iterations becomes large) is enormous - on the order of 400. Second, the
iterative surface approximations will oscillate about the limiting surface. If the step size p is too large,
the oscillation is undamped and the process does not converge. Provided that p is small enough, the
oscillation is damped and the iterative surface approximations will converge to the limiting surface.
The envelope spanning the iterative approximations is very broad in the case under consideration,
as can be seen by the approximations after 25, 50, 75 and 100 iterations. As a consequence, a large
number of iterations must pass before the envelope of the approximations is reasonably bounded
about the limiting surface. Thus, if one wishes to be able to halt the iteration at any point and be
guaranteed a good approximation to the surface, one must allow at least 400 iterations to pass.
As a second case, the initial position is altered as follows. For each point zi on the grid, a neigh-
bourhood of some size is considered, (in the example shown, the neighbourhood was 5 elements). For
this neighbourhood, a least squares fit of the known depth points in the neighbourhood is performed.
The value of the least squares fit at the point zx is assigned as the value of the starting position for
that point. This operation is performed for all points on the grid, thereby generating the initial starting
point for the algorithm. For the example being considered, the initial starting point generated in
this manner is shown in Figure 8.2. Given this starting position, it can be seen that the number of
iterations required to reach a reasonable approximation to the surface drops drastically. After only 10
iterations, the basic shape of the limiting surface is evident. Furthermore, the envelope of the iterative
approximations is much smaller, so that at any stage, the current approximation is close to the limiting
surface, and forms an acceptable approximation.
If the step size p is decreased, the rate of convergence, of course, also decreases. This is shown
in Figure 8.3, where p has been decreased by an order of magnitude. The speed of the algorithm is
also decreased by roughly an order of magnitude, requiring 100 iterations to reach the state which the
previous example reached in 10 iterations.
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Figure 8.2. Interpolation of Least-Squares Initial Position. The top figure shows the initial
position of the surface, which has been formed by a least-squares fitting of the known data
points. The lower figures show the surface approximation after 5, 10, 20, 50, 100, 200 and
400 iterations.
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Figure 8.3. Interpolation with Decreased Step Size. The top figure shows the initial surface
approximation. The bottom figures show the surface approximations after different numbers
of iterations. In this case, the step size p has been decreased by a factor of 10 from that of
Figure 8.2.
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PERFORMANCE
My conclusion from this set of examples is that given a reasonable starting position, the algo-
rithm is rapid, with an acceptable surface approximation obtained within very few iterations.
Thus, one final addition may be made to the proposed algorithm:
(0) For each point of the grid, take a neighbourhood of some size about the point, and perform
a least squares fit through the known points in the neighbourhood. At the point under con-
sideration, assign as a starting value, the value associated with that point in the least squares
fit.
Thus, the proposed algorithm is consistent the algorithmic criteria of parallelism, rapidity, local-
support, uniformity and simplicity.
8.1 Performance
We now turn to the consideration of how well the algorithm satisfies the computational con-
straint of containing a minimum amount of bending, while passing through a set of known points.
We have already seen mathematical arguments supporting the computational problem set out in
Chapter 6. As in the case of the stereo theory, by creating and implementing an explicit algorithm
for the theory, its adequacy can be tested. To do this, a set of examples of applying the algorithm are
considered.
The first examples, shown in Figures 8.4-8.8, involve a set of synthetically generated boundary
conditions. In each case, the boundary conditions of the known depth points are shown along two sets
of grid lines, as well as the interpolated surface constructed by the program. The examples include
a cylinder, portions of a sphere, and portions of some hyperbolic paraboloids. The examples all
demonstrate the capability of the algorithm to fill in smooth surfaces between the known points.
It is worthwhile noting the effect of the constraint parameter, e, on the shape of the surface.
To illustrate this, the one-dimensional example is again considered. In Figure 8.2, the constraint
parameter was set to e = 0.05, forcing a strong constraint at each known point. In Figures 8.9 and
8.10, e is relaxed to 0.2 and to 1.0. The relaxing of the constraints can be seen to alter the shape of the
surface. Thus, depending on the confidence associated with the depth points, a small e will be needed
to enforce a good approximation to the surface. I shall return to this point in Chapter 9.
200
PERFORMANCE
Figure 8.4. Interpolated Cylinder. The lower figure shows the boundary conditions of a cylinder.
The upper figure shows the interpolated surface.
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Figure 8.5. Interpolated Sphere. The lower figure shows the boundary conditions of a portion
of a sphere. The upper figure shows the interpolated surface.
8.2 Discontinuities
Note that this implementation of the interpolation algorithm does not account for one of the
main factors necessary in a description of surface shape - surface discontinuities. In the next chaper,
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Figure 8.6. Interpolated Sphere. The lower figure shows the boundary conditions of portion of
a sphere. The upper figure shows the interpolated surface.
the effects of omitting this component from the algorithm will be discussed, and possible methods for
detecting surface discontinuities and occluding contours will be considered.
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Figure 8.7. Interpolated Hyperbolic Parabaloid. The lower figure shows the boundary conditions
of a hyperbolic parabaloid. The upper figure shows the interpolated surface.
8.3 Putting It All Together
Finally, all the pieces needed to accomplish our goal - the explicit reconstruction of three-
dimensional surfaces, in this case from stereo images - have been assembled. The steps are:
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Figure 8.8. Interpolated Hyperbolic Parabaloid. The lower figure shows the
of a hyperbolic parabaloid. The upper figure shows the interpolated surface.
boundary conditions
(1) Process the images with V2G at several scales and obtain zero-crossing descriptions of the
changes in the images.
(2) Use the Marr-Poggio stereo matcher to obtain disparity information about the zero-crossings.
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Figure 8.9. Interpolation with Relaxation of the Constraint Parameter. The conditions are
similar to Figure 8.2, save that e is relaxed to 0.2.
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Figure 8.10. Interpolation with Relaxation of the Constraint Parameter. The conditions are
similar to Figure 8.2, save that e is relaxed to 1.0.
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(3) Apply the Arrow-Hurwicz system of equations corresponding to minimizing
Jff (f + 2f+x + f'y
subject to the condition that the surface f pass through the points obtained in step (2).
The complete system is illustrated on some examples. The first is the wedding cake random dot
pattern of Figure 4.3. We have already seen the performance of the Marr-Poggio stereo theory on
this example. The interpolated surface obtained by the algorithm is shown in Figure 8.11. The planar
structure of the wedding cake is evident. Because discontinuities are not made explicit, a certain
amount of smoothing takes place across the edges of the planes.
The second example is the painted coffee jar of Figure 3.4. The results of the Marr-Poggio stereo
theory were shown in that figure and the interpolated surface is shown in Figure 8.12. The general
shape of the jar and the background are clearly visible. Because of the resolution of the grid on which
the interpolation takes place, a certain amount of local distortion of the surface is evident. A second
observation is that the shape of the bottle is somewhat square compared with the actual shape. This is
in part because of the lack of explicit discontinuities. Since the discontinuities are not made explicit,
information from the background can affect the shape of the bottle, and in attempting to fit a smooth
surface to both objects, the edges of the bottle are driven upward, resulting in a square shape.
As a third example, a portion of the Martian surface is considered, using stereo photographs ob-
tained by the Viking lander. The interpolated surface is shown in Figure 8.13. Interestingly, although
the monocular images give the impression of a flat plane running off to the horizon, the program finds
a set of distinct ridges in depth, with places of sharp discontinuity in depth. When fused, the images
yield the same impression. It is also of interest to note that the total range of disparities, from the
horizon to the foreground, found by the program is on the order of 200 picture elements.
In the next chapter, possible refinements of the method are discussed.
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Figure 8.11. The Interpolated Wedding Cake. Three views of the interpolated surface are shown.
The four distinct planes are clearly visible. Note that although the discontinuities in the surfaces
have not been explicitly accounted for, they are clearly visible in the figures.
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Figure 8.12. The Interpolated Coffee Jar. Three views of the interpolated surface are shown.
The general shape of the jar and the background are clearly visible. Because the resolution of the
grid on which the interpolation takes place is the same as that of the original images, a certain
amount of high frequency distortion of the interpolated surface is evident. This is discussed in
Chapter 9.
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Figure 8.13. The Interpolated Martian Surface. The top pair of images are the stereo pair. The
lower figure shows the interpolated disparity array. The height of a point in the array corresponds
to the distance to the point in the image. The total range of disparity in this image is roughly
200 pixels. Some sections of the foreground were not matched by the stereo algorithm, and have
not been interpolated. It is interesting to note that the disparity map contains a series of sharp
breaks in disparity, corresponding to occluding hills in the image. These breaks are not evident
in the monocular images, yet are clearly visible when the two images are fused.
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ANALYSIS AND REFINEMENTS
In the previous chapter, a demonstration of the achievementof the original goal - the design
of a method for constructing, from a pair of stereo images, a complete surface specification - was
presented, by demonstrating the effectiveness of the algor:thm on a set of images. However, there
are still aspects of the algorithm which can be improved In this chapter, possible refinements to
the method are discussed. Some of these have been implemented and tested, others form possible
avenues of future work.
9.1 Discontinuities
One of the implicit assumptions of the interpolation algorithm is that the pieces of surface are
in fact pieces of a single surface. Of course, for almost all images, this will not be the case. What
alterations are necessary in order to account for the existence of several surfaces within a scene? Does
the lack of explicit discontinuities in the surface representation has an important effect on it?
One of the problems associated with the failure to make surface discontinuities explicit is that
information about the shape of one surface can affect the shape of an adjacent surface. This is
illustrated in the following example. A set of known depth points is given in Figure 9.1. Intuitively,
the most likely surface to fit through these points would be a pair of planes with a discontinuity in
depth between them. However, the requirement of a smooth surface to fit through these points results
in a warping and rippling of the surface that is undesirable. Thus, it seemrns that the lack of explicit
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Figure 9.1. Discontinuities in the Surfaces. The left figure shows a set of known data points.
Intuitively, the correct reconstructed surface would be a pair of planes. with a discontinuity between
them, as shown in the middle figure. If the interpolation algorithm attempts to reconstruct a
surface through the boundary points, without a discontinuity, the result is as shown in the right
figure. The sharp change in depth results in a rippling of the surface.
discontinuities can affect the shapes of the interpolated surfaces in an unacceptable manner.
In order to make discontinuities explicit, there are several questions to ask about the process.
How do are the discontinuities detected? Where are they placed in the representation? When does the
detection of discontinuities take place relative to the interpolation process?
Two possible methods of detecting the discontinuities are discussed in turn.
9.1.1 Occlusions in the Stereo Algorithm
Consider the geometry indicated in Figure 9.2. There are regions of the left image which will
not have a corresponding part in the right image, and vice versa. Consequently, any zero-crossings in
this portion of one image will have no counterpart in the other image, and the stereo program should
not assign any match to such zero-crossings. Hence, one proposal would be a mechanism for detecting
occlusions by searching for portions of the image which contain unmatched zero-crossings. Then, the
interpolation can be restricted to take place only over those sections of the image which are bounded
by zero-crossings with known disparity values.
This method would detect the discontinuities before the interpolation, since it uses stereo infor-
mation directly to detect the occlusions. A problem with the method is that it will not detect all
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Figure 9.2. Occlusions. The upper surface occludes portions of the lower surface in each eye.
These portions are different for the two eyes. The cross-hatched area of the lower surface indicates
the region of the surface visible to the left eye, but not to the right.
discontinuities, only those in the horizontal direction, because a discontinuity can occur in the vertical
direction without causing an occlusion. Hence, any method for detecting discontinuities which relies
only on the unmatched zero-crossings will be incomplete.
9.1.2 The Primal Sketch Revisited
Perhaps the simplest method is again to use the ideas inherent in the primal sketch. Recall
that the primal sketch created descriptions of points in the image associated with inflections in inten-
sity, for a range of resolutions. Since the image intensities may be considered as a type of three-
dimensional surface, the primal sketch operators essentially detect discontinuities in the image inten-
sities for a range of resolutions. Thus, one could apply the same type of analysis to the detection of
surface discontinuities, where now the surface on which the operators apply is the reconstructed depth
surface, rather than the intensity surface.
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It is worth noting that not only should the operators be of the form used in the extraction
of the primal sketch, but that it may also be useful to use a range of operators, as in the primal
sketch. Recall that the reason for using multiple zero-crossing detectors was that surface changes,
and hence intensity changes, could take place over a wide range of scales. This is still true in the
case of surface descriptions, such as have been constructed for the coffee jar or the wedding cake.
Thus, surface discontinuities corresponding to occluding edges will frequently tend to correspond to
large surface changes, while internal surface discontinuities, due to a warping of the surface, will tend
to correspond to small surface changes. By using a range of V 2G operators, one can extract both
occluding contour discontinuities, as well as ripples or warpings of the surface itself.
Note that this method would require that the surface interpolation had already taken place,
before it could be applied. Since one of the algorithmic criteria from Chapter 7 was that all algorithms
be rapid, one must consider the consequence of detecting discontinuities after the interpolation of the
surfaces. There are two main reasons for the explicit detection of discontinuities. One is that such
an explicit representation of this infomlation will allow higher level processes, such as recognition, or
axis extraction, to operate more easily, since the process serves to make implicit information explicit.
However, a second reason is to create more accurate surface representations, by cancelling out the
type of effect illustrated in Figure 9.1. If the process used to isolate discontinuities takes place after
interpolation, and if the interpolation process requires the discontinuities to improve the interpolated
surface approximation, one must propose a two pass interpolater. Thus, the major question is whether
such a two pass process will affect our constraint of rapid algorithms. Fortunately, the answer is
no. This follows from two facts. The first is that the number of iterations required to achieve an
acceptable surface approximation is very small, on the order of 10. Thus, even if the interpolation
process is required to run twice, the number of iterations needed is still small. Further, since the
surface approximation obtained without explicitly accounting for the discontinuities is very close to
the limiting surface except in the areas of the discontinuities (that is, any effects of the discontinuities
are quickly damped out as one moves across the surface), the initial starting position for the second
pass of the interpolation algorithm is very close to the limiting surface, and only a few iterations will
be needed to refine the surface approximation.
NOISE REMOVAL
9.1.3 Interpolation Over Occluded Regions
Even though occluded regions of the image can only be viewed from one eye, the human system
still associates a depth value with these regions. This has an interesting implication for the interpola-
tion algorithm. For most occluded regions, the only depth information available is at the edges of the
occluded region. Psychophysical experiments have shown that the occluded region is always perceived
at the depth of the lower surface. Thus, in figure 9.2, the occluded region would be perceived at the
level of the lower surface. Note that this is consistent with the physics of the situation, since if the
occluded region were perceived at the level of the upper surface, then it should in fact be visible to the
right eye, and this is not the case.
This observation suggests that when an occlusion is detected, it is explicitly located along the
occluding boundary corresponding to the edge of the nearer object. This allows the occluded region
itself to be associated with the lower surface, and the interpolation algorithm will fill in surface values
for the occluded region from this lower surface.
This raises an interesting psychophysical prediction. The psychophysical literature has examined
the case of planar surfaces and their occlusions, as in Figure 9.2. If the interpolation method
developed here is given an explicit discontinuity along one edge of the occluded region, it will cor-
rectly fill in the region as an extension of the lower plane. Of more interest is the case in which the
occluded region is not planar. For example, consider a cylindrical object, such as that of Figure 6.4.
If the interpolation algorithm is given this type of input, it will fill in the occluded portions of the
surfaces as a smooth continuation of the curved cylinder. If the interpolation algorithm is correct, then
this predicts that the surface perception for human observers in this situation should also be that of a
smooth cylinder. This has not yet be tested psychophysically.
9.2 Noise Removal
Although in general the Marr-Poggio stereo algorithm is very good at matching zero-crossings
correctly (especially for random dot patterns), incorrect disparity values may sometimes be assigned
to regions of the image. Since the surface interpolator explicitly attempts to fit a surface through all
the disparity points, such noise points can affect the shape of the surface approximation. Indeed,
the effect of these noise points can spread over a noticable portion of the surface, before the nearby
disparity values can damp out its effect. Thus, it would be preferable to remove these noise points,
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or at least neutralize their effect on the approximated surface shape. One possibility is that if a two
pass interpolator is used, as suggested in the previous section, the detection of surface discontinuities
will isolate such noise points from the rest of the surface, and the second pass of the interpolator
will adjust the surface approximation to remove the influence of the noise points on the first pass
approximation. Certainly this will be true for noise points with disparity values far removed from the
correct values. And for noise points whose disparity values are only slightly different from the correct
surface disparities, the difference does not really matter. However, the final result would be that the
noise points, while being isolated from the rest of the correct surface, would still remain in the final
surface description. It would be preferable to completely remove such points.
Is it possible to identify and remove such noise points from the disparity map? If the noise
points are isolated spatially, then it is possible to identify such points as undesirable. This follows from
the form of the primal sketch operators. The case to consider is that in which one must distinguish
between a set of noise points in a disparity map and a small object separated in depth from the rest of
the scene. For the small object, there is a minimum size of zero-crossing contour which the operator
will yield about tne object. Hence, if the number of zero-crossing points which differ significantly
from their neighbours is less than this minimum, one may conclude that the points are noise, and thus
remove them. This will result in an improved surface approximation.
9.3 Acuity
It can be seen from the example of the interpolated coffee jar in Figure 8.12, that the interpo-
lated surface contains a bumpy quality which clearly is not consistent with the original object. How
can this be explained? The cause of the effect is the fact that the disparity values are specified to
within only a pixel. This yields a fairly coarse disparity map which results in the bumps observed
in the interpolated coffee jar. Hence, one method of removing the bumps would be to improve
the accuracy of the disparities, obtained by the algorithm. Note that some improvement in disparity
accuracy is necessary if the algorithm is to be consistent with the human system, since a pixel cor-
responds to roughly 27 seconds of arc, while humans are capahie of stereo acuity to a resolution of
2 - 10 seconds (Howard, 1919; Woodburne, 1934; Berry, 1948; Tyler, 1977).
In order to account for finer disparity values, it is necessary to localize the zero-crossing to a bet-
ter accuracy than has been done so far. Since the convolution values are only specified at each pixel,
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one method for more accurately specifying the zero-crossing positions is to interpolate between the
known convolution values (Crick, Marr and Poggio 1980, Marr, Poggio and Hildreth 1979, Hildreth
1980). Perhaps the simplest method is to rely on the observation of Hildreth that for most cases,
even a simple linear interpolation will give extremely accurate localization of the zero-crossings. The
addition of finer resolution depth information may improve the performance of the algorithm.
This example also raises a question of scale. Depending on the application of the surface
specification, different amounts of resolution may be required. For example, if the ulimate goal of
the surface specification is to obtain a rough idea of the position and shape of the surfaces in a scene,
the spatial resolution at which surface information must be made explicit may not be critical. In this
case, the known data from the stereo algorithm may be sampled at a coarser resolution, before the
interpolation takes place. This will result in a smoother surface approximation, although some of the
finer detail may be removed. An example of the coffee jar interpolated at a coarser spatial resolution
is shown in Figure 9.3. It can be seen that the overall surface is smoother than in Figure 8.12. Further,
although the reconstructed surface is less exact in terms of fine variation of the surface shape, the
overall shape of ule bottle is still preserved in this interpolation.
9.4 Retinal Mappings
The operators used to create the symbolic image descriptions matched by the Marr-Poggio
stereo matcher were derived in part from evidence about the human visual system (Wilson and
Bergen 1979). One aspect of this evidence is that the size of each operator scales with eccentricity,
being larger in the periphery than in the fovea. However, in the development of the stereo im-
plementation, the operations were assumed to be uniform for each size mask. A modification of the
implementation, to be more consistent with the human evidence, is now considered.
There are two possible modifications that could be made. First, the size of the convolution
masks, as well as the size of the matching neighbourhoods, should explicitly increase with eccentricity.
For a parallel implementation, such as the human brain, there is no great difficulty in imposing this
variance in size on the individual processors. However, for a serial computer implementation, such a
variation in operator size introduces several practical difficulties.
There is an alternative implementation (Schwartz, 1977) which avoids these difficulties. Suppose
that the retinal images are transformed, mapping them to a representation with coordinate axes given
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Figure 9.3. Acuity Surfaces. The coffee jar of Figure 8.12 is illustrated. In this case, the spatial
resolution of the interpolation has be reduced, resulting in a smoother overall surface, although
some fine surface detail is lost.
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by orientation relative to the fovea, 0, along one axis, and log(radius) along the other axis. Such a
mapping has the feature that in the new representation, the application of a uniformly sized operator
over the entire transformed image is equivalent to the application of a varying sized operator over the
entire original image. Since the variation in mask size with eccentricity affects both the extraction of
the convolutions, and the size of the matching neighbourhood, it is necessary to perform the stereo
matching in this transformed representation, before mapping back to a normal coordinate system.
However, note that in this transformed representation, direction is only preserved locally. In the
original implementation, given the location of a zero-crossing in one image, the location of the match-
ing zero-crossing was performed by searching a horizontal neighbourhood about the corresponding
location in the other image. In the transformed image, one cannot simply apply the same matching
algorithm since the horizontal direction in the original image does not correspond to the horizontal
direction in the transformed image. Rather, for each value of 0, the orientation of the matching
neighbourhood must be changed from horizontal to something else, depending on the exact value of
0. The matching algorithm can be modified to account for this.
Once the matching has been performed in this transformed representation, the resulting dis-
parity values can be transformed back to the original retinal coordinate system. This method has not
yet been tested.
9.5 Multiple Representations
One final point concerns the question of the resolution of the depth representation. In the
previous sections, we have outlined a method which creates a single disparity map, interpolates it, and
then finds discontinuities and inflections in depth using a range of V 2G operators. Rather than com-
bining the depth information from the multiple stereo channels into a single representation, only to
later create multiple descriptions of the inflections in depth, at varying resolutions, one could consider
maintaining separate levels of description. In this manner, one would interpolate the disparity infor-
mation obtained at each scale, using the output of each stereo channel. Then the inflections in depth
could be detected for each such interpolated surface, by an appropriate V 2G operator. This would
result in a representation of the visible surfaces in which multiple levels of scale are explicitly main-
tained. This may prove to be useful to higher level visual modules which require depth descriptions at
different resolutions.
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